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A FIXED POINT THEOREM FOR A SEQUENCE 
OF MAPPINGS 


R. VASUKI 


Ramanujan Institute for Advanced Study in Mathematics, University of Madras 
Madras 600005 


(Received 7 December 1987) 


In this note we obtain a fixed point theorem fora sequence of mappings 
with contractive iterates. 


Let (X, d) bea metric space. A mapping T: X — X is called a contraction map- 
ping if there is a real number k, O < k < 1, such that 
d (Tx, Ty) < kd (x, y) 
for all x, yin X. 


The well known Banach contraction principle states that a contraction mapping 
of a complete metric space (X, d) into itself has a unique fixed point. In this paper we 
prove the existence of a common fixed point for a sequence of mappings with contra- 
Ctive iterates. 


Theorem —Let {T,} be a sequence of mappings of a complete metric space (X, @) 
into itself such that for any two mappings 7;, 7; we have 


(i) d(T™x,T" y) <a, d(x,y) 


(ii) d cro x, T; y) < Hi, d (x, PL 
for some mand 0 < ,, < 1, i,j = 1,2, ...,x,» € X and is such that the series 


co oo 
ZX as,1,1 is (WV, p,) summable, i. e., 2 o% < ce, where 
41 k=l 


k 
Z Py&y,y41 
1 


See 
k 
x py 


ot! 


828 R. VASUKI 


Then the sequence {T7,,} has a unique common fixed point. 


PROOF : Let x be any point of Xand x, = T] x, x, = Ty x, 


fe eta 
d (x1, X.) = (7. X05 d by x1) 


sf 
S Hise d (Xo, x) 
d (x2, X3) = d (Ty x,, Ty x2) 


alt 


Py 
S X13 d (x, X») 


a? 
Ras 


P) 
a, 4 (Xo, X41) 


and so on. By induction we have 


d (Xm nts) Sm (Aten)! d (Xo, %). 


For p > 0, we have, 


d (Xn, Xn+p) S d (xe Xn+1) + tae + ra bes Xn+p) 


n+P-1 k P, 
<S = (7 (40141) ) d (Xo, x,) 


k 


k 
= Dt Hyt4 = Di 
< oe paw! i=) 
< 2 | —— d (Xo, %;) 


k 
= Di 


=i 


| ang | 





k ‘ 
( z= pi si = pi 
n+p- J j May | 


k d (xo, x) 
xp 


im] 
pe n+P-\ 
— d (Xo, x1) D>» ok 
k=n 
; co 
Since es o% < co we obtain 


d (Xn Xn+p) Te 0 asn > bet p=1,2 
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Hence {x,} is a Cauchy sequence in X and therefore it converges to a limit, say x in X. 
Now, for a fixed k, we shall show that 7, x = x. Indeed we have for anyn — 1, 2.,.... 


d (x, Tk x) < d (x, Xn) + d (Xn, Tex) 
=d (x,x,) +d I Xgnsy Le) 
ete Ate Gtx Ls. x), 
Since lim xX, = x, 0 <a,,. < 1, it follows that x = 7; x. To prove the uniqueness of x 


let if possible x’ € X be such that x’ ~ x and 7; x’ = x’. Then 


d(x} x‘) ind (Ts pons bees of 


< a it, x) 
which is impossible since 0 < «j,, < 1. Hence x = x’. 
The theorem yields Theorem III of Chatterjea! when p; = 1 for all i. 
The hypothesis of (V, p,) summability makes the theorem to have wider appli- 
reat there are series summable (NV, p,) but not 
summable (C, 1) (see Hardy’, p. 59). 


cations. For example when p, = 
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ON AN ERROR TERM RELATED TO THE GREATEST 
DIVISOR OF n, WHICH IS PRIME TO k 


S. D. ADHIKARI, R. BALASUBRAMANIAN 


The Institute of Mathematical Sciences, Madras 600113 
AND 
A. SANKARANARAYANAN 


School of Mathematics, Tata Institute of Fundamental Research, Bombay 400005 


(Received 15 October 1987) 


The object of the paper is to prove the following inequalities. 


E, (x) k 
uli x ? o(x) 
and 
vide E, (x) k 
xo aX Ss 


~ @ (k) 


where k is any fixed square free integer and E;, (x) is the error term, which 
will be defined in section 2. 


1. INTRODUCTION 


We define 


Sk (m) = max {d: d|n, (d, k) = 1}. 
Joshi and Vaidya? proved that 


Sao 


k : 
Is (kK) x* + E, (x), with 
nx 


Fix a square free integer k . 


. 


Ey (x) = O(x). 
They also proved when k = p (a prime) 
It 





AC SEs ig 
Birt x p+1 
and 
TH Eo(x) _ 


p 


xX> 





* | es rat Wo 


It has been recently claimed by Maxsein and Herzog’, for any square free k. 
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It Ex (x) is k 


x —> ©o x . a (k) 





and 


te Ee@) . _k 


a 


X00 x = otk) 





They have applied Tauberian theorem of Hardy-Littlewood and Karamata to get an 


asymptotic formula for = +, (m), where v, (n) is defined by the relation 5, (n)=(vx #J) 
nx 


(n) where * is the Dirichlet convolution and / is the identity function. 


In this paper we point out that the method of Erdos-Shapiro! of averaging over 
arithmetic progressions also yields the result. 


2. DEFINITIONS AND PRELIMINARIES 








We define 
OK (n) xk 
Hi. (x) = > — og a (f) ee(201 
nSx 
and 
EB Gii= DS Oe ay (22) 
nx 


We write 5 (n), E (n) and H (n) instead of 5, (n), Ex (n) and Hx (n) respectively. 


Let [x] denote the integral part of x and let A (x) denote the fractional part of x. 
From the definition of 8 (n), it is easy to check that it is multiplicative. Now for «> 2. 


SS “9 -[[«+> aa DEES 7 4 +n 
n=) Pp 
I[e- +" ia ar 














p\k p}k 
pels! 
n=) pik ps : (2.3) 
(since, 
$(p") = Lifp|k 


pif p J &). 


\ 
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Define for o > 0, 


oo 1e=< 
S2-0- 











n=) p\k pr ...(2.4) 
Then we have 
g(p")= 1— pifp|k 
=Oifp)k 
and 
vealed 


s(n) = Z ag (bh). 
ab=n 


We make the following observations : 


(I) |g(y|x< m (Pi — 1), where k = p, ... p, is the factorization of k into primes. 


(1) g(r) = 0 ((ogxy’) = 0(). 





(II) } Tals, = I (- = i ) = sw fom (2.4). 





n=1 Dp | k 
fore) 
(IV) &(n) Ss =) g (n) 
n® n 
n>x mal 2m-lye ns 


e Q™ ee 
< S Aerie > , € small positive constant 


 Qam=2 52 x? 
Mol 
Ps > =e g (7) a o( —) 
os : 
n>x 


oe) 


g n) 
(V) SS a 0 (follows from (2.4)). 


n=) 


(VI) Ss ELMS = O (1) (follows from (2.4)). 


n=l 
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3. Some LEMMAS 

Lemma 3.1—We have 

H@) = - > a( =) ) + 0() = 0@). 

b<=x 
Proor: From (2.1) and (2.5) we have 
= ag(b) xk 
BAC = Derren arty 


ab<x 


- =o ($]- tw 
#10) => e\- 3 


bax 
best AG r( 2 ) + 0(1) (by III and IV) 
b<x 


= O (logx) (by VI) 








= 0 (x). 
Lemma 3.2—We have 
E (x) = x H(x)+ 0 (x). 
Proor : From (2.2) and (2.5), we have 


E(x) = ae. oF - 





bx 
‘23 - tae a(k) 
bsx 
ay anes > £@ a( <) + (x). 3.21) 
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Since 0 < A? ( | < 1, we have 


> sox (4)=0(S le 1) =0@. 
bSx 


bSx 
From (3.2.1) and Lemma 3,1, the lemma follows. 
Lemma 3.3—Let x be an integer. Then 
kx 
> H (n) = 2o(k) = o (x). 


Proor : From (2.1) 


>#=-> {> @- 25 } 








nx nSx msn 
-> (eae np) 0) 2 aa sat Rol 
nSx 
3 
Sy eee h > @- ds = =p x(x + 1) 
nSx nx<x 


eke 
mH) - (£0) + 


kx? 


= (x + 1) (A(x) + Se 


k 
20 (k) x(x + 1) 


kx 


= (x + 1) K(x) — E(x) + = 


k 
= H(x) + a (RY + o (x), (by Lemma (3.2) 


= ip + o (x), (by Lemma (3.1). 
Lemma 3.4—Let A = (2. P*"),n > 2 where P = 2 if 2 | k, 
= odd prime dividing k if 2 Y k. 
If B is an integer with 0 < B < A, then 


eee era Pe 


m= (A) fe ee 
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+ 0( >, ) - + O (log z). 





Pr 
PROOF : > AUER > oS 8 (4) 
m d 
mSz maz d|m 
m= (A) m= B(A) 
SS: 
d 
dxz MZ 
m= 8(A) 
m= d(A) 
i aml Z ) 
->, medulla Ala! 
dz 
(d,A) | & 


O (d) are simultaneously solvable iff (d, A) | 8 and 


(The congruences m = 6 (A), 
in that case there is a unique solution modulo [d, A]) 


ee g (d) =) 
Pap aur BS 
dz dz 
(d,A) | 8 
(*. (d, A) [d, A] = dA] 








e ay + O(log z) 


Ceri 
t | (A,B) d=z 
(d,A)= 


2a SE) + O (log 2) 


t 
t|(AQ) mSz2/t 
(mA/t)=1 


g (t) -g(m) ay ) Z 
SOD 4 o(Z) 4 +o0en 
t | (4,8) m<z/t 


pn}t  — (m,P)=1 
(.. The first term correspond to (m, t) = 1) 


(ss - 3 4 


er di 


=] mPAz/t 
Berg (P,n)=1 (P,m)=1 
l Zz 
+ 0( or) + 0 dos 2) 
ey (eS) £0) + 0( 5.) at 0 (log2). 
a) A= 6(k) hg t hack SA: | 
(4,8) 
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Since, by putting X = > , we have 


> i Se 








m<z/t m=\1 m>z/t 
(P,m) =1 (P,m)=1 (P,m)=1 
ke | g (m) | 
I (- =) +0 ee a 
p\k U Uxsm<x2U 
p#P 
where U = 2" X. 
k (1+P) (log U): 
- fy Ste +0(> “a | MaeeeR ED 


Ss (log UY = o( — (log ¥ +n log 2) 





U2 Din xX? 
n=0 
n’ a 
-o(> sy + DS Oe) 
n>logx n<logx 
= (log X)? 
a X2 ) k ...(3.4.2) 


(3.4.1) and (3.4.2) prove the lemma. 


Lemma 3,5—For 0 < B < A, and integral x, we have 


Swan sib fem $o(r2 5) E20 


iss t| (4,—B) 
Pry, 
i\l 
-('+a}7 d@-a 2) 
a=0 t | (A,a—B) 
Pry, 


A-1 
+ o( xa > (B — a) + 0 (x). 


a0 


> H(4l~ B)= > [ > = (am) a ) 


I<x IsSx ms Al—B 
(equation continued on p. 837) 
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Bee ire+5 











mSAx—B m<Ax—B 
m=—B(A) 
k 
= > (Al—B) op - 354) 
I<x 
Now 
3 5 (m) 1 [ m+ B |} 
—— Be — a 
m A 
m<Ax—B 
A-1 
aa 5 (m l B-a 
“pS 1S wl - S25 
mSAx—B m<Ax—B a=0 
Se 
m 
mSAx—B 
m+B=a(A) 





-Ffuc-asn( SSO Meh) 


m<Ax—B 
ak Ax — B)k 
—( S 6 (m) — 4 (Ax — BY’ cay ie wt 
m= Ax—B 
(Reel) d(m), 1 = i) 
i tS s a + xg {Ax B) + (Ax—B)”} 
m<SAx—B 
k A-1 (B ) 5 (m) 
—a 
oi, $959 5 
a m<Ax—B 
m+B=a(A) 


Ax — B)k 
= 4 (ax — B+ 1) H(Ax — 8) — E(Ax — B+ - ay) 


Fd = v-{ SS lt) “ as sD 


m<Ax—B 





ae Re 
2A o(k) 
+ A? x2 + B? — 2Ax B} 


A-1 ri4sm 
(Sa) >, 5 (m) 
2 - A m 
a=0 m<Ax—B 
m+B=a(A) 


ef {2 AxB — 2B? — 2Ax + 2B + Ax - B 


(equation continued on p. 838) 
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\ G=nf > 5(m) “at 
m<Ax—B m<Ax—B 
— (B-a) 
—a 
+ aay — Bast BD) ES 
ozs a=-0 
S(m) 1 Ax! Kk 
mS Ax—B mSAx—B 
m+B=a(A) 
F fea 
2S ee ee 
~~ 20(k) A m 
a=0 m<Ax—B 
m+B=a(A) 
+ o (x). Pe kee 
Now 
~. (B—a) yy 5 (m) 
A m 
a=0 m<Ax—B 
m+B=a(A) 
a= 
“58a? etd) SS 
A A o(k) P: t 
a=0 t | (A,a—B) 
or t 
+0 ( ) Bes 7 + O(log »} (by Lemma 3.4) 
1 ki 
“= near his ah = g (t) 
(1 + ) ay a D> 2-4) >, + 
a=0 t | (A,a—B) 
Pet 
! ~ | 
B = 
+0 (e ) 7 S ( oO Gee ...(3.5.3) 
a~0 
Also 
Sto) as — BE, 4 1) g(t) 
o (k) P 
mS Ax—B t | (A—B) 
m=—B(A) it? a 
1 Ax —B 
+ O ( pr) err rrmmeg, Aer 9 +4-(3.5.4) 


Sioa esis Sieh Ne ft | prove the Lemma. 


ERROR TERM RELATED TO THE GREATEST DIVISOR 839 


4. MAIN THEOREMS 
Theorem 4.1—We have the following inequality 


— E(x) k 
It => —7,. 
X00 x o (k) 

By Lemma 3.5, we have for integral x, 








PROOF : 
xk A | 
Pe Sines at (it P) 
I<x t | (A,B) 
PY yt 
1< (1) 
O-(isF)rpa-9 SO] 
(+ p)rda-0 T | 
a=0 t | (A,a—B) 
Pr yt 
A-j 
+0(2)4 Dd, B-d +003 PASSA) 
We have A = 2P", Take B = P” + 1, then 
A ib EO _( ~)+ 
t | (A,B) 
P" jt 
A-1 (1) 
Gao DS As 
a=0 t | (4,a—B) 
Frere t 
P’ 41 p*—» 
1 
<1+(14-4)- (14 5) a(S 3") 
r=1 r=] 
x SS AUB (4.1.2) 
t | (A,—r) 
a 


(Since, when a = Oto A — 1, B— a= B, B— 1, .... B—(A— 1) 
ma Piet e PM ies an (PO = 2),) 


Now, 
. p”-2 


(1 2 SA (D1 >? Le, 


t 
(equation continued on Pp. 840) 


g(t) 
t 
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! 20 4 pr_1y) 
2 (i ei ae 
P” jt 


Oy) ae £0) ) 
= (i as ( 





ll 
— 
ee 


24+(1+0-PX 5 + pr +. 
= | J=(: + >)- ae de et (1) 
re aN O( = pe IE (4.1.3) 


eS (P <a) an GB) ee (Bee ee 


fe 








Now 


=e .(2°— P®) + (3 =P") + 5. P* > (PP 1) 
AUPE E 1) CRS 2) ( bene 8) Peo), 








= 3p" 
O( 2) Saal eee 
_ 0( +r ) x. (4.1.4) 


’. From (4.1.1), (4.1,2), (4.1.3) and (4.1.4) we have 


D Harm Bi +0(—ph}} +0 | 


This is true for all 7, n-arbitrarily large. 
Le (x) k 
te 
+ eek out 
Theorem 4.2—We have the following inequality : 
SLL A eas 
Xo es 3 (k) 
By choosing B = P” in Lemma 3.5, it is easy to see that 
t 
Hw < 


x —> co 


= It E (x) 


Xx —> co x S 0. 





pa ) X+ 0 (x). 





PROOF : 


0 (for integral x), 





(4.2.1) 
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Now 


E() — EQ) = ey {- 2b1A@) —¥ 


which shows that E (x) decreases continuously in any open interval (m, m + 1). 





E(xs)_ E(x) kf k a? (x) 
x eet atk) Borat - a8 1 


As A (x) > 1 from the left, 





E (x) Bs E ([x]) sh k OPE k 
x x o(k) x 2x o (k) 
Peery kL. k 
pate” 7 o(k) (1 aa. ) ~ 2x 6 (k) 
. E(x) _ E(x) _ _k é 
1¢., eee - = 5 _ o(k) + 2x o(k) ” ...(4.2,2) 


From (4.2.1), we have 


It E (x) ar k 
x > co > a: o(k) ° 
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A NOTE ON N-GROUPS 


VENKATESWARA REDDY YENUMULA AND SATYANARAYANA BHAVANARI 
Department of Mathematics, Nagarjuna University, Nagarjuna Nagar 522510(AP) 


(Received 18 April 1987) 


For an ideal J of an N-group G in which every essential N-subgroup is 
strictly essential the conditions J is uniform and J is strictly uniform are 
equivalent. As a consequence we obtain a few results. 


1. INTRODUCTION 


Throughout this paper a near-ring will mean a zero symmetric right near-ring. 
Moreover N stands for a near-ring, G stands for an N-group and H stands for an ideal 
of G. The ideal generated by a subset X is denoted by (X) and we write (4) for the 
ideal generated by a single element ‘/’. We shall utilize the standard notations and 
definitions as in Pilz’. 


An ideal H is said to be ‘essential in an ideal’ K of Gif (i) H € K and (ii) HN 
L=(0), LC K, Lis an ideal of G, imply LZ = (0). Besides that, His said to be 
essential if it is essential in G. Intersection of a finite number of essential ideals is 
essential and every ideal containing an essential ideal is essential. One can easily verify 
that if H,, H:, K,, K, are ideals of G such that the sum K; + K, is direct and H, is 
essential in K; fori = 1, 2, then H, + H, is essential in K, -+- Ke. Moreover H is said 
to be ‘uniform’ if for each pain of ideals K; and K, of G such that K,; Q Ko =0 
K, € Hand Kz CH, implies that K, = (0) or Ks = (0). On the other hand, H is said 
to have ‘finite Goldie dimension’ if it does not contain an infinite number of nonzero 
ideals of G whose sum is direct. As in ring theory we have the following conclusions: 


(i) H has finite Goldie dimension if and only if for any sequence H, C H, C H,C¢€ 


... Of ideals of G with each H; C H there exists an integer k such that H; is essential in 
Hi;,, for i > k; 


(ii) If H has finite Goldie dimension then H contains a uniform ideal and 


(iii) If G has finite Goldie dimension then every ideal of G has finite Goldie 
dimension. 


The ideal H is said to be ‘minimal’ if H is minimal in the set of nonzero ideals 
of Gand the N-group. G is said to be ‘completely reducible’ if G is a direct sum of 
minimal ideals. 


Notation : 0.1: For any nonempty subset A of G we write 
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A* 


I 


{g +x — glx € A, g EG} 
A° = {x — y| x,y E A} 
At 


{n(g + x) — ng/x € A,g € G,n€ N}. 
Let X be a nonempty subset of G and write ¥) = YX, and Xin = X¥* U XJ U 


X? for all integers i > 0. Then ¥, C X, C X, C ... and clearly U X, is the ideal 
i=0 
generated by X. 
2. UNIFORM IDEALS 


Before proving our main theorem (that is, Theorem 3.1), we prove the following 
two lemmas. 


Lemma 2.1—Suppose H and K are two ideals of G such that H 1 K = (0) and 
suppose a € H, and b € K. Then for any x € (a), there exists y € (b) such that 
x+y € (a + b). 


Proor : Write A = {a} and B = {b} and C = {a + }b}. Following the notation 
io @) io 2) io) 
0.1,(a) = U 4; (©) = U Bs (a+b) = U CG. For each positive integer k > 0, 
i=0 i=0 1=0 
suppose P (k) is the statement : x € Ax implies there isa y € By such that x + y 
E Cy. 


Clearly P (0) is true. Suppose P (kK — 1) is true for some positive integer k;. Let 
xG@ Ay xX €C Ap> X=X%,-—%x% or xX = gt xu — gor x—n (g + x1) 
— ng for some %1, X, © Ar-1, 8 © GandnEN. Let yi, yo © Be-,; such that x, + 
Vip Xe + VE Ce-,. Ifx =x, — x, then y = y, — y,; if x = g + x, —g, then 
y=gty—giifx=—n (g + x,) — ng, then y =n(g+x+y1) —n(g + x) 
will satisfy x + y © Cx. Thus P (k) is true. Hence the proof of the lemma. 


Lemma 2.2—Suppose H, I, J, K are ideals of G such that/ J = (0) and H is 
essential in / and K is essential in J. Then H + K is essential in / + J. 


Proork: Write A= H+ J/and 8 =1+K. We now show A is essential in 
i+J. LetO4a€ (J+ J). a=x +s forsome x € Jands € J. If x ==). then 
a € Aand hence (a) (\ A (0). If x #0, then since H is essential in /, there exists 
a nonzero element x in (x) ( H. By Lemma 2.1, there exists y’ in (s) such that x’ + 
y' € (a). Therefore x’ + y’ isin (a) CQ A and hence 4 is essential in 7 + J. Similarly 
one can show Bis essential in/ + J. Thus H + K = A 1 Bis essential in I+ J. 


Corollary 2.3—Suppose H,, H,, ..., Hi, Ki, Ka, ... Kr are ideals of G such that 
the sum K, + K, + ... + K;is direct and H; C Ki fori = 1, 2,..., ¢. Then the fol- 
lowing are equivalent. 


(i) Hj, is essential in Ki fori = 1, 2,..., ¢. 
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(ii) Hi + H, + ... + H;, is essential in Ki + K. + ... + Ki. 


Using this corollary, the proof of the following theorem is similar to that of a 
corresponding Theorem. 


Theorem 2,.4—For an N-group G, the following are equivalent. 
(i) G has finite Goldie dimension 


(ii) There exist uniform ideals U,, U,, ..., Ursin G such that thesum U, + U, 


< 


+ ... + U, is direct and essential in G. 


Note : If Ghas finite Goldie dimension then the integer ¢ determined in the 
above theorem is called the dimension of G and it is denoted by dim G. 


Corollary 2,5—Suppose dim G =k. Then (i) the number of summands in any 
decomposition of H as the direct sum of nonzero ideals of G is atmost k and (ii) H is 
essential if and only if H contains direct sum of k uniform ideals. 


Suppose G has finite Goldie dimension. Then H has finite Goldie dimension and 
hence there exist k uniform ideals in G whose sum is direct and essential in H. This 
number k is called the dimension of H and is denoted by dim H. Clearly a nonzero 
ideal U of G is uniform if and only if dim U = 1. 


For an N-group G having finite Goldie dimension, the following holds. 
(i) H is essential if and only if dim H = dim G. 


(ii) If H, K are two ideals of G such that HQ K = (0), then dim (H + K) 
= dim H + dim K. 


(iii) If dim H < dim G, then there exist uniform ideals U,, U,, .. , Ux of G such 
that the sum 


H + U, + U, + ... + Ux is direct and essential in G. Moreover, kK = dim 
G — dim H. 


(iv) If G is completely reducible, then an ideal of G is minimal if and only if it 
is uniform. 


3. StricTLyY UNiFoRM IDEALS 


An ideal (N-subgroup) K of G is said to be strictly uniform if for any two N-sub- 
groups A, BofG, AC K,BC K, AN B= (0) implies A = (0) or B = (0). An N- 
subgroup K is said to be essential (strictly essential) ifH A= (0), Ais an ideal 
(N-subgroup) of Gimply A = (0). These definitions are due to Oswald’. 


Every strictly uniform ideal is uniform and ever 


essential. Every N-subgroup of G is essential if and 
essential. 


y strictly essential N-subgroup is 
only if every ideal of G is Strictly 
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Theorem 3.1—Suppose G is an N-group in which every essential N-subgroup is 
strictly essential. Then every uniform ideal of G is strictly uniform. 


Proor : Suppose U is not a strictly uniform ideal. Let A, B be two nonzero N- 
subgroups contained in U such that A () B = (0). Suppose C is an ideal maximal 
with respect to C () A = (0). Then A + C is essential N-subgroup of G and hence 
it is strictly essential. Then there exists a non-zero element bin 8B (A +C). Let 
a€A,c € C be such that a + c = b. Since A 1 B = (0) the element c = (—a) + b 
is nonzero and it is inC, = U (\ C. Suppose Kis an ideal of G such that K 1) 
C; = (0) and K + C;, is essential. Then K + C, is strictly essential and A ((K + C,) 
+X (0). As above onecan verify D= K( U+ (0). Thus C and Dare nonzero 
ideals which are contained in U such that C () D = (0). Therefore U is not uniform. 
This completes the proof. 


Corollary 3,2—Suppose G is an N-group in which every essential N-group is stri- 
ctly essential. Then the following are equivalent. 


(i) G has finite Goldie dimension. 


(ii) There exist a finite number of uniform ideals in G whose sum is direct and 
essential in G. 


(iii) There exist a finite number of strictly uniform ideals in G whose sum is 
direct and essential in G. We close with the following example. 


Example 3.3—Suppose G is the symmetric group (written additively) on three 
elements. Then G can be considered as a Z-group where Z is the ring of integers. If 
P is the alternating subgroup of G then because P is the only proper ideal of G, it fol- 
lows that G is uniform. However G has three Z-subgroups each having two elements. 
If A, B are two of such Z-subgroups then A (1) B = (0). Thus Gis not strictly uniform. 
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The intrinsic Gauss-Codazzi equations for the Cartan connection have been 


obtained by I. Conic With respect to the Berwald connection, R.S. Sinha 
obtained the equations for the intrinsic A-curvature tensor only. In the present 
paper, we will derive the complete system of the Gauss, Codazzi, sccond 
Codazzi and Ricci equations for the intrinsic Berwald connection ina Finsler 
hypersurface. 


INTRODUCTION 


The Gauss-Codazzi equations in the theory of Finsler hypersurfaces are well- 
known for the induced connections’. Recently Matsumoto® developed a systematic 
research of the hypersurface theory based on his axiomatic theory of Finsler connec- 
tions, and obtained the Gauss-Codazzi equations for an induced general connection. 


Vv , 
Onthe other hand, Rund® and Comic? have obtained the intrinsic Gauss-Codazzi 
equations for the Rund and Cartan connections, respectively. Sinha!® has obtained the 
equations for the intrinsic A-curvature tensor of the Berwald connection. 


The purpose of the present paper is to derive the complete system of the Gauss, 
Codazzi, second Codazzi and Ricci equations for the intrinsic Rerwald connection in 
the similar way to Matsumoto®. As for geometrical applications of those equations, 
we shall refer the readers to T. Yamada’s paper™. The similar applications of the in- 
trinsic Gauss-Codazzi equations for the Cartan connection are seen in the paper Fukui. 


The notation used here is that of Matsumoto® and Fukui®. 


2. PRELIMINARIES 
Let F" =(M", L (x, y)) be ann-dimensiona] Finsler space, where M” is a manifold 
and L (x, y) is its fundamental function. (x, ») is assumed to be positively homo- 


geneous of degree one in y = (y*), (Throughout the present paper, Latin indices take 
values 1, ..., 1), The metric tensor and others are defined by 


8ij = (% 8, L*)/2, Cry, = (2.81,)/2, = @&L, hiy = 8iy — hj, «..(2.1) 
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where 0; = @/0y‘. We are concerned with the Berwald connection BI = (Gi, a Gi. 0) 
on F". The connection coefficients eg and G; are determined from the fundamental 


function L by Gi, = & G, ,G, = 6, G', Gi = g G, and 


2G; = y! 8, a (L2/2) — 2; (L*/2) 2) 
where @ = 2/éx*. The 5-differentiation is given by 


8, = 0, — GF a, a PS 
and the covariant differentiations are written as 


xi =—3,X'+ Gi, X*, Xi, = 3, X4. ...(2.4) 


> 


In particular, we have 
Bij = — 2Cyjx!0, Lij-e = 2C 1 jk’ Oe fe 


where the vertical bar denotes Cartan’s h-covariant differentiation and 0 denotes the 
contraction with the element of support y. The Ricci formulas of this connection are 
written in the form 


1 i m wy! i i i _ vm 
ee Xp =X" Hay — Xm Ris Xan — Xp =X" Grnses 
Xe kg pO (2.6) 


i i Pe : 
where the tensors H,,,, Rj, and“,), are given by 


Ri =% Gi —3, Gt Hl, = Ri, = eG, + GO, —JIk, 


ik j 


i 
Gin =O Gy, (27) 


where j | k means the sum of terms obtained by interchanging j and k of all the pre- 
ceding terms. 

A hypersurface M"™ of the manifold M” may be represented parametrically in 
the form x‘ = x‘ (u*) (all the Greek indices run from lton — 1). In the following 
we emyloy the notations 


se k 
Bi =ax'|/au%, BL, = 8 By, BY, em BBL... By, 


where the matrix Bh is assumed to be of rank n — 1. Let y* and * be components of 


the supporting element of M"-! with respect to x* and u*. Then we may write 
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yo B'p*, ...(2.8) 


The function Z (u, v) = L (x (u), y (u, v)) gives rise toa fundamental function of a 
Finsler space F”"! = (M""?, L (u, v)). Taking notice of 


0, = Bio, + Bi, a, dx = By a ..(2 9) 
we have 
le = By In Sab = 81; Bey, Cany = Cie Begy, hap = hy BU. ...(2.10) 
The unit normal B! (u, v) is defined by 


gi, B, B’ = 0, gry Bt BY = 1, Piya) 


Further, using By = g** gy, Bj and B; = gi, B’ we have 


BL Be = 5! | BiB, = 0, Bt BY = 0, BB, =1, 


m i 


Bi BY +B B, =3)- alate) 
Defining Mas, M. and M by 


Map = Cijk Bry BY, Mx = Cry, BY BY B*, 


M=C, i Bi Bk 
then we have ijk BY B? BE. PAPA ES 


6p B, = 0, a BY = — 2Ms B! — Ma Bi, 


op Pte = 2Ma Bi, 


aa B; — Msp Bi. (2 14) 


Finally we could show easily 
dy M* — da M* 4+ — yy < 
8 ie My M, Mp = 0. sel 2oi5) 


3. THe INTRINSIC BERWALD CONNECTION 


Weare concerned with the Berwald Connection BI (G 


mined by the induced fundamental functi 
(2.9) we get 


“ie Ga , 0) which is deter- 
on L (u,v) of F"—, At first, from (2.2) and 


2G* = B* (Bi, + 2G4), (3.1) 
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Differentiating this by v®, we have 


& { % 
Ga = My Bi (B,, + 2G") + BY (Bg + G) BZ). patora) 
If we put 
Ng = Br (Bip + G, 31), He = B (Bia + G', BL). ...(3.3) 
we may write (3.2) as 
Ga =N, + HMMs ...(3.4) 
where H, = Ns v* and A, satisfies 


dy Hy = 2Hy + H, My. (aes) 
Differentiating (3.4) further and using (3.3), (3.5) we have 


Gay = Fay + Ho (ay Mg + My Mg ) 
+ 2(He My, + Hy M;) ...(3.6) 
where we put 
« i f k 
Kee 5, (Be CG,” Be). ioe) 
If we put 
Hay = Bi (Bg, + Gy Bg, ). ...(3.8) 
this satisfies Hey = Hyp, Hye = He and 
é He = Hay + Hp My. (3.9) 


Putting further 
Te, = Ho (ay Mp + My Mg )-+2(He My + Hy Mg) — ...(3.10) 
the equation (3.6) is written as 


ew Fe : ek heel 
Gay = Fey 7 Thy ( ) 
and the tensor 7 satisfies 


Ts, =T i, Ty, = HoMy » Ty, = — Ho Mar, e(3:12) 


3 
By a 


because of (2.15) and homogeneity. 
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4. RELATIVE COVARIANT DIFFEREBNTIATIONS 
: . ‘ ; i 
The relative h-and v-covariant derivatives of a mixed tensor Y, , for example, are 


defined by 
yi, = 2% +¥ Gy, Bk = Yt Gta eee corer 


w.(4.1) 


where 58 = 0g — Ga an It is obvious that the relative covariant derivatives of a ten- 


sor of the hypersurface coincide with the usual covariant derivatives with respect to the 
intrinsic Berwald connection. By virtue of (3.7), (3.8) and (3.11) we have 


Big = Has BY — ES ae (4.2) 
On the other hand, because of ap Bi = 0, we have 
i 
By. ie 0. ...(4.3) 


Equations (4.2) and (4.3) are thought of as the Gauss formulas in the hypersur- 
face theory of Finsler geometry. 


Now we consider the relation between 5g and 6,. It follows from (2.9), (2.12), 
(3.3) and (3.4) that 


Sa = By 5, + (He B’ — H. My, Bi )2,. (4.4) 


We use this relation to obtain 


i re k yl k J 
"1.8 é Be ee a (He Bs Hp My B. Vin, ae ~~ Bs cS 
(4.5) 
for a tensor field 6 of M” defined on M*"-. Especially we have 
81138 = — 2Cije | By + 2Ciy. (He BY — Hy Mg B*), 
B1y-8 = 2C ij B ...(4.6) 


Differentiating covariantly two equations Si; Bi B’ = 0, gi; B} B'= 1, and using 
(4.2), (4.3) and (4.6), we have the Weingarten formulas 


a x 
Bi, —(~ Hy +205 — 2M*Hp + 2H, M* Mt) Bi 


+ (Qe — MHa + H, M, Mg ) Bi ...(4.7) 
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J % 
Bi, = — 2Mp B — Mp B’. (4.8) 


where we put Qua = Ci;x | y Be B* and Op = Cijxto Ba Bi Bs, 
Summarizing up the above we have 


Theorem 1—With respect to the intrinsic Berwald connection of a Finsler hyper- 
surface, the Gauss formulas and the Weingarten formulas are given by (4.2), (4.3) 
and (4.7), (4.8), respectively. 


5. Gauss-Copazzi-Riccit Equations 


We first prepare commutation formulas of 5g and dy as follows: 


(Sy 58 — 3887) Y =~ & KL OR, Gl) 
(ay op = 3p By) Ye = _ ae Ye Gay: wee eer 


These formulas are easily proved by the definitions of Ra, and Gay . Then direct 


calculation leads to Ricci identities of the relative covariant derivatives. 


Kony — Vers — Yu [Hin Bp, + Gy, (BL BY Hy— Hy BL BY ag 
HED Nae Br ee fe es 

(5.3) 

<b pone ra oh meee AS EAS lad Aaa se) 

Pat a eer = 0. --(5.5) 


Remark : We have not written the above calculation concretely, because it is done 


in a similar way as Matsumoto®. We shall only note here that 5s and Gp, differ 


from the induced ones and that H},, Ry, and Gig, are defined analogously to 


(2.7), because they are intrinsic. 
Now we are in a position to derive the Gauss equations and others. At first we 


apply the equation (5.2) to B. . The left-hand side of (5.2) gives 


8 
(HaBsy — Toa Hey + Hap Ay — B| y) BY — Gag 7 Top Ty 


(equation continued on p. 852) 


852 MASAKI FUKUI 
pA ares 
where we rewrite eqn. (4.7), for simplicity, in the form 
Bi, = Ag By + Ap BI. .-(5.6) 
Equating the tangential or normal component of the both side, we have 
Be Belin By + Gi, (BA B* Hy —Ho Bi BY MY — Bl) 


& 
«By 


& 
“Y 


& € & ue 
= HH —_ (To. — ee Di oe HB A, B | y). 


AP Gy ft 


BY B, (Hi, BEE + Gi (Bg BY By —Hy By BL M, — 81 VI 


= H.p3y ar fea Hey + Hap Ay — i} | 3 a o.e) 
Next applying (5.2) to B', we get in the same way 
‘ 
i j k © ue 
Be BY H!,, Be +Giy (By Bt Hy — Hy BR BY My —8\ I 


— ty, Sle tay ae Agee (5.9) 


> 


Bi B, (Hi, Bi +G\, (BL BY Hy —H) By, BY M, —8|7)) 


= — Me Ry, + (Assy + Ag Hey — BI y). ...(5.10) 


Remark : Equations (5.7) and (5.8) may be called the Gauss and Codazzi equa- 
Then (5.9) and (5.10) are called the second Codazzi equation and the Ricci 
equation, respectively, for the curvature tensor H. The last two equations are 


independent of the former because the Berwald connection is not metrical, or Hn: jx is 
not skew-symmetric with respect to / and i. 


tions. 


- 


In the same process, from eqn. (5.3), we can get four equations for the Av-curva- 
ture tensor C as follows: 


h § i k 
B, B, Grip Boy 


= Gay — Tap.y — 2Hae My (5.11) 


h ¢ 
B, B; Gish Br, ae Axp.y a Aap My -.(9.12) 


s 
BB, G Ba a2 Age = 245 M* a: 2M. a 


hik 


—2Tg, MS + Ay, My....(5.13) 
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B" B; Gi, 1h = Apy + Mya + 2Hos MS »=.(5.14) 


Summarizing up the above we have 


Theorem 2—The Gauss, Codazzi, second Codazzi and Ricci equations for the 


intrinsic Berwald connection of a Finsler hypersurface are given by eqns. (5.7) to (5.14). 


iE 


2. 
a 


4. 


om rn Aw 


10. 
. T. Yamada, On Finsler hypersurfaces satisfying certain conditions (to apppear.) 
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For A an n X ncomplex valued matrix and f (x) a non-constant polynomial 
with complex coefficients, we give conditions for the existence of ann xan 
complex matrix B with f (B) = A. The results are then applied to the study 
of the composition of polynomials. 


Throughout this note M, (C) denotes the set of n x ncomplex valued matrices. 
f (x) will denote a non-constant polynomial with complex coefficients. For A € M, (C) 
we investigate the solution in M, (C) of the equation f(X) = A. The first section 
gives some necessary preliminary calculations, the second section outlines the solution 
of the problem and the last section shows an application of the results to the determi- 
nation of the range of the composition of polynomials modulo an ideal of C [x]. 


§1. In this section the basic calculations are done. 


Lemma 1.1—If f(x) € G[x] and B,CE M, (C) with C invertible, then 
HA(GHCs ie Cy Ch)iCas 


Proor : Straightforward. 


Lemma \|.2—Let 


fat Ocoe 
| 

| ee l 
| | 

| AI 
B= | | 
| 

| l 

| 
ae 
l ke] 


be ann X ncomplex matrix and f (x) € CG [x]. Then 


f (3) = 
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855 

f pi wiih bal Vas gas OY 
| ra ra 5% Co : 
f"Q) 
| rim aay | 
| FQ) f’Q) | 
vide eee | 
| 

Ware f£OL7Q) | 
U Ue) 


Proor : Write f(x) = ae x* + ay-1x*1 + 2. + a, a E C,so that f (B) 
= a, BE + ay_; BO +... + A. Let 


Then 


a 
l 


( 
| 
| 
| 
| 
| 
| 
| 
| 
| 


L 


cD 


010 0 O 7 
0 10 | 
0 1 | 
0 | 
pre | 
eee 

vero 07 

0 0 0 | 

0 01 | 
00 | 

| 

a, Le haar ke tat 
Tce aado = tet} 


where the | in the first row appears in the (r + 1) st position. B = N + A where, for 
simplicity, A implies the matrix A /. 


t 


Bi = (N+) = SS (5 ) Nears 


t : ; J t 
( f ) A‘-! N! (Since / > t implies j = 0) 
we 


(equation continued on p. 856) 
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-> (> a ( ,) ae) 


(4) 
no N? which is our required form. 


j=0 


Let A = (aj,) be ann X n complex matrix. For k = 1,...,m, we call the ele- 
MENS Ay 4k Ao4k+1, -+-) Gy -k+1yn the (kK — 1)~—st upper diagonal of A. The main diagonal 
of A is then the 0-th upper diagonal. We will say aj, is below the (kK —1) st upper 
diagonal if either; < korj > kandi>(1+/) — k. 


The basic lemma for the solution of our problem is the following. 


Lemma 1.3—Let1 << k <n—1landBe€ M,(C). Suppose each element of 
the k-th upper diagonal of B is non-zero and each element below the kth upper dia- 
gonal is zero. Writen = gk +rwith | <r<k. Then the Jordan form of B con- 
sists of k nilpotent blocks, r of them (q + 1) x (q¢ + 1) and the remaining k — r, 
Qik a. 


Proor : Write B = (6;,) and let B be the matrix of a transformation T from V 
to V (V denotes an n-dimensional complex vector space) with respect to a basis ¥;, Yo, 


n 
5 ¥ Of Vsice. Ty; = & by vy for / = 1, 2,..., n. Because each element below the 
i=] 


kth diagonal of Bis zero, coupled with the assumption that each element on the 
kth upper diagonal is non-zero, we have that Trx4,, Tvk42... 5 T¥ny Va-ke1s Yn—kpos «+9 
v, isa basis of V. The result will follow if we can find k T-invariant subspaces 
U,, U., ..., U, with the properties : 


(a) d@m(UY) =qt+1igi¢r 
dim (U)=q, r+1<ick 
(b) V=U,6U.@... ® U, 


(c) For each i, 1 <i<k, the degree of the minimum polynomial to T re- 
stricted to U; equals the dimension of Uj. 


For | <i<€r, set U; to be the subspace spanned by vn-141, T¥iet 2¥ 


T4y,_i4,, and for? + | <i< k, let U; be the subspace spanned by ¥,_141, TV_-i41, «5 
T*"" vn-i41 where we have interpreted T*-! to be the identity if g = 1. 


n—t+y5-- > 


Since 7¥; is a linear combination of Vis Yo, ..., ik fori > k + 1, with the coef- 
ficient of vj_~ non-zero, while Ty, = 0 if i < k, we easily deduce by induction that Tv; 
is a linear combination of ¥,, v2, ..., vi-yky With yy = Oif/ < 0. So 7% y; is zero if and 
only ifi—yk <0. Ifua-r+icie n, T’ y is non-zero sincen + 1 > gk +r 
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while T*" vy = 0 because n +1 <(g+ 1) k +P. Similarly, if 
n-k+1<gign-—r,T™ y, 40 but Tey, = 0. This implies that the subspaces 
U;, i= 1, ..., k, are T-invariant cyclic subspaces. But it is easy to check (using the basis 
TVk415 +.-5 T¥ny Vn—k+i5 Vn—ky25 --. Vp) that the collection v,, 4S ey 6 Sle ly 5 eee 
bare! Pumas tig Vylepis) DM ecrcis nig TY Vo lveis Vers, di ress SER fod RPS eas Ceres fy SET ae 
-e» T%1 y,_x4, is also a basis of V. The result now follows. 


§2.  Proposition2 1—Let A E M, (C), f(x) E C [x] and A;, i = 1, .. , k be dis- 
tinct complex numbers. Suppose A is similar to 


A: O 
A, 


its only 


1 
| 
! where A is an”; X m matrix having A; as 
! 
| 
| 

O Ax J 


cn"------- ervmxwv"—c—=A 


eigenvalue. There exists a B € M, (C) such that f(B) = A if and only if there exists 
fori = 1, ...,k, B} © M,, (C) such that f(B)) = Ai. 


Proor : If there exist B,, B:, .. , Be with By € M,,(C) such that f (B;))=Ai, then 


en, 
& 
_ 
B® 
re 
(SS ee 


Bx 


is ann < ncomplex matrix for which f(B) is similar to A. By Lemma 1.], there is 
then a solution to f(X) = A. 


Conversely, suppose there is B € M, (C) such that f(B) = A. Let J denote the 
Jordan form of B. By Lemma 1.1, f (J) is a matrix similar to A and so, by Lemma !.2, 
the eigenvalues of B are solutions of f(x) = 41, i= 1,...,k. Let Dj be the sum of 
all Jordan blocks of J which have eigenvalues obtained by solving f(x) = A. We 
can then assume 


D, 
D, 


== , 


. Because 


Nn a a sy as es ee 


| 
| 
| 
| 
| 
! 
L 


Dy 
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. 
| 
| 
| 
| 
| 
J 


f (Dk) 


the Jordan form of it, being the sum of the Jordan forms of f (Dj), i = |, .... k, must 
have the sum of all blocks with A, on the main diagonal as the Jordan form of f (Di). 
Like reasoning for A; implies that 4; and f (D,) for i =1,...,k, are similar 
as they have the same Jordan form. For i = 1,...,k. letCi © M,, (C) be 


such that C; f (Di) C;’ = Ayand By = C, D, C,*. By Lemma 1.1, the result 
now follows. 

In view of Proposition 2.1, we may assume that A has only one eigenvalue A, in 
finding solutions to f (X) = A. 

Suppose A is ann X n complex matrix with A its only eigenvalue. We say that 


A is of type (a1, ds, ..., a,) if the Jordan form of A consists of a, 1 x 1 blocks, a, 2 x 
2 blocks, ..., @, n X n blocks, where we have called the i x i matrix 


[ A 1 } 

| A 1 O 

| As | ani X i block. Note that a, > 0 and 
| 
| 2 la; =n. 

| i=l 

| ‘ | 

lo 1 | 

( Avett 


We will call the nm x n matrix Ban irreducible matrix if Bis not similar toa 


matrix of the form 
ress 
O* Be 


where B; and B, are square matrices. 


: We say f(X) = A has an irreducible solution if there exists an irreducible matrix 
a € Ms (f) such that f(B) = A, By Proposition 2.1, in order for f(X) A to have an 
irreducible solution. A must havea single eigenvalue. Of course, if 4 isal x 1 
matrix, there exists an irreducible solution tof (X) = 4 


Proposition 2.2— Letn > 2, and A ann x n complex matrix having a single 


eigenvalue A. Suppose that A is of type (4,a., ..., a,). Lett = max {i | a 4 0} and 
1<t<n 
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writek =a, + a@.-,. (If t = 1, calla, = 0.) The equation f(X) = A has an irredu- 
cible solution if and only if 


(i) n= kt — a-y 


(ii) there exists a y © Csuch that f(y) =A, f’ (y) = ... =f&Y™ () 
vO, and f * (7) 0, 


PROOF 7 Suppose there is an irreducible solution B of f(X) = A. Then the 
Jordan form B of B is 


1 O 


ae 


= 


] 


i) 
a 


--—-- CC —_—— > 


Y 


for some y € C. f (B) is similar to 4, and f(y) = A. Suppose y has the property 
that f(y) 4 0 but f'(y) =... =f (vy) = 0. By Lemmas 1.2 and 1.3, the 
Jordan form of f(B) has Jordan blocks only of size (g + 1) xX (q + l)and q x q 
where q satisfies the condition 1 = git+rwithl<rsj. There are r blocks of 
size (q + 1) X (¢ + 1) andj —r blocks of sizeg x q. But f(B) and A have the 
same Jordan form and so j = k,g = t — 1, r = a and the result follows. 


Conversely suppose n = kt — a-, and y € C with f(y) =A. 


f(y) =... = fC) (y) = 0, f @ () #0. 
Let 

if y | O 1 
| paul | 
| 
| 1 | 
| 

B= | 
| | 
| 
ae 
| 
Pa? a 


From Lemmas 1.2 and 1.3 we see that f(B) is similar to A and from Lemma 1.1 the 


proposition follows. 


Corollary 2.3—Let A © Mn (C) and suppose A is similar to 


860 EUGENE SPIEGEL 


rane O 

| 

| Al | 

| 1 | 

| pee Cre 
| : 

| 

tar | | 

| O AJ 


There exists B € M, (C) such that f(B) = A if and onlyif 
(i) n=lor 
(ii) there exists y € C, such that f(y) = A and f’ (y) 4 0. 


Proor: Ifn = 1, set Bto bearoot of f(x) =A. Supposen > 2. Then A 
is of type (0, 0, ..., 0, 1). If there exists a solution B € M, (C) such that f(B) = A, 
B is irreducible as A is. By Proposition 2.2,k = 1 and there exists y € C with 
f (y) = A and f’ (y) ¥ 0. Conversely, if there is a y € C with f(y) = A and f’ (y) <0 
Proposition 2.2 implies there is a solution to f(X) = A. 


Corollary 2.4—Let A € M,, (C) and suppose A is the only eigenvalue for A. If 


there isa y € C with f(y) = A and f’ (y) ¥ O then there exists B € M, (C) such that 
f (B) =A. 


Proor : The Jordan form of A consists of a sum of blocks A; of the type in Co- 
rollary 2.3. Each block gives a solution B; of f(X) = A; and a matrix similar to the 
diagonal sum of B;’s is a solution of f(X) = A. 


Corollary 2.5—Let A € M,(C) and suppose A is diagonalizable. Then there 
exists B € M, (C) such that f(X) = A. 


PROOF: Since A is similar to a diagonal sum of 1 x 1 matrices by Corollary 
2.3 we have a solution to f(X) = A. 


Now let A be an n X n complex matrix and f (x) a non-constant complex coeffi- 
cient polynomial. To see if f (x) = A has a solution B € M, (C) we employ the follow- 
ing procedure. Break up A, or a matrix similar to A, into the diagonal sum of matrices, 
Aj, A,, ..., Ax where A; is a matrix having A; as its only eigenvalue and A; A, for 
i # j. By Proposition 2.1, f (X) = A has a solution if and only iff (X) = A4,,i = 1, 
-., k, each have one. To solve J(X) = Ai, we must find, say ;, irreducible matrices 


i 
Jip fig > By, such that 2 dim (B;,)-dim A; and with the additional property that 
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is similar to Aj. 


(ot ee ap ee eee a 


f (Bi) 
P 


Conditions for this are implied by Proposition 2.2 and Corollary 2.3. We now illust- 
rate the technique outlined above. 


Proposition 2.6—Suppose 1 > t, 4,7 © CG witha 40 and A isa non-scalar 
matrix in M, (CG) with A its only eigenvalue. Let (4), 4, «..; a,) be the type of A, and 


write b; = z aj,i=1,...,n. Suppose further f (x) = a(x—y)' + A. Then 
j=1 


f(X) = A has a solution in M,, (C) if and only if for each i 
b; =0(modr) ori > | and [ 2 | = | : 


([x] denotes the greatest integer in x). 


Proor : If m = 2, then the theorem follows by Proposition 2.2. We can thus 
assume, via induction, that the theorem is true for smaller values of n. Assume there 


is a solution B of f (X) = A. If Bis irreducible the result will follow from Proposition 
2.2. Otherwise, there exist square matrices A, and A, such that 4 is similar to 


Be) 
O A, 
and square matrices Bi and Bz with B similar to 

( Bo? 

O B, 
and f (Bs) = An k = 1.2. Suppose the type of Ax, ke = 1.2, i8 (Gk, Akg) +++» Ak) and 
b,. f= = a, . Then 
j 
ay = a,, + 4, and b; = b;, + 52, 


fori =1,...,n. By induction for k = 1.2, b,, = 0 (mod r) or 
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i> land Es ] = ké 
r je 


theorem are valid for the sequence Ly. 





| ana itis easy to check that the conditions of the 


Conversely, if the conditions of the proposition on the b; sequence hold and ¢ 
=({max i | a ~ 0} then either a, > r or a, <r and a, + a-,; > r. In the first case let 
A, be an(n — rt) X (nm — rt) matrix with type (@,, Gy, ..., Gri, Gp — Py Atyyy ++ a,) and 
A, anrt Xx rt matrix with type (0, 0, ...,0,7, 0, ..,0) where the entry ris in the tth 
position, while in the second case let A, be a matrix with type 


(A, 2, .0+) U2, G1, +4 — 7,0, Gi+y, ..., 4) and A, a matrix with type (0, 0, .... 
0, r — a, a; 0, ...,0). In either case A is similar to 


A, O 
7) 
If A, = A, then A has an irreducible solution by Proposition 2.2. Otherwise the 


b sequences for A, and A, satisfy the hypothesis of the proposition and so there exists 
B, and B, square matrices such that f(B,) = Ax, k = 1,2. This implies that a matrix 


similar to 
( Bia 
O B, ) 


Corollary 2.J—Let A € M,(C). Ais diagonalizable if and only if each non- 
constant polynomial f(x) € C [x] has a solution B = By € M, (CG) of f(X) = A. 


gives the required result. 


Proor : If 4 is diagonalizable and f(x) € C[x] with f (x) of degree at least one, 
by Corollary 2.5, the equation f(x) = A hasa solution. If A is not diagonalizable, 
for some A € CG, (x — A)® divides the minimal polynomial for A. By Proposition 2.6, 
if y € C, the equation (x — y)"+! + A = A has no solution B € M, (C). 


Corollary 2.8—Suppose f (x) € G [x] is a polynomial of degree 2 and A is an 
nx n matrix with A its only eigenvalue and type (a,, ay, Ge Leis » a; for 
i= l,...,2. Then there is ann x n matrix Bsuch that f (B) = A if and sie either 

(i) f(x) — A = 0 has distinct roots or 


(ii) f(x) — A = Ohasa double root and fori = 1, ..., 2, b; = 0 (mod 2) or 


a: b;- b 
=i) ——s ai 
i and [ eae j 


Proor : If f(x) = A hasa solution and f(x) — A = 0 does not have distinct 
roots, then f(x) = a(x — y)? + ) for 4,y €C with a #0. By Proposition 2.6 


oo by_ b 
bj = 0 (mod 2) ori > 1 and [5 | = | St ] tor eae CEE 
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Conversely, if f(x) — A = 0 has distinct roots then f (X) = A has a solution by 
Corollary 2.4 while if condition (ii) is met, then there is a solution to f(X ) =A via 
Proposition 2.6. 


Corollary 2.9—Suppose f (x) € C [x] is a polynomial of degree 3 and A is an 
n X n matrix with A its only eigenvalue and type (4), a», ..., a,). Let db = z a, for 
i=1,..,0”. Then there is ann X matrix B such that f(B) = A if and ai if 

(i) f(x) — A = 0 does not have a triple root, or 


(ii) f(x) — A = 0 has a triple root and for b=), ..%; ", 
b; = 0 (mod 3) ori > and [ "52 ] = ial 


Proor : If f(x) = A has a solution and f(x) — A = 0 does have a triple root, 
the Proposition 2.6 implies condition (ii) holds. Conversely, if / (x) — \ = 0 does not 
have a triple root, then there must be a root of f(x) — A = 0 such that f’ (vy) 40. By 
Corollary 2.4, f(X) = A then has a solution. If condition (ii) is met, then there is a 
solution to f(X) = A by Proposition 2.6. 


§3. As an illustration of the preceding results, we investigate in this section the 
composition of two polynomials modulo a given ideal. 


Let J denote a non-zero ideal in C [x] which is generated by m (x) a monic non- 
constant polynomial. Suppose f(Qx) AW EG [x] with f(x) of degree at least one. 
Does there exist g (x) € C[x] such that f (g (x)) = A (x) (mod 1)? Two contrasting 
possibilities for h (x) are considered, namely h (x) = 0 andh (x)= 3; 


Proposition 3.1—If f (x) is a non-constant polynomial in C [x] and / is a proper 
ideal in C [x], then there exists g (x) € C [x] such that f (g (x)) = O (mod /). 


Proor : As G[x] is a principal ideal domain we can suppose / is generated by 
a monic polynomial m (x). Let c be aroot of f(x) = 9. Ifs(x) € C [x], then g (x) 
= s(x) m(x) + ¢ satisfies the proposition. 


Suppose now ™ (x) = (x — At, & — An)eo vee (X — Ax)*x with 1 > Ofori = 1, 
..., kand Ar # A, fori ~ j. Letn=exrt et... + ek Finally let A be an 1 X 11 
matrix with minimal polynomial m (x). In terms of this notation we show 


Lemma 3.2—There exists g (x) € C [x] such that f(g (x)) = x (mod /) if and 
only if there exists B € M,, (C) such that f(B) = A. 


Proor : Suppose there isa BE M,, (C) such that f (B) = A. Then A, being a 
polynomial in B, commutes with B. As the characteristic polynomial of A agrees with 
its minimal polynomial, A is non-derogatory and so there exists a g (x) © C [x] such 
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that B = g(A) (see Marcus’, p. 9), Theorem 2.14). f(g (A)) — A = 0 implies that 
m (x) divides f (g (x)) — x or f (g (x)) = x (mod I). 


Conversely, if f(g (x)) =x (mod I) then m (x) divides (f(g (x)) — x) and 
f(g (A)) — A = 0. Let B = g (A). 

Proposition 3.3—Let f (x) bea non-constant polynomial in C [x], and m (x) 
= (x — A)? ... (x — Ad) * with ey > 0 fori =1,...,k andAy 4A, fori #j. Also 
let / be the ideal generated by m(x). Then there exists g(x) € C[x] such that 


f (g (x)) = x (mod J) if and only if for each i = 1, ..., k either e; = lor there exists 
¥i;©C such that f (yi) = Ar and f’ (v1) # 9. 


Proor : A is similar to 


na 

| as | 

| | 

| | 

| | 

| 

| 

/ Ar 3} 

where 

‘ Ae O ; 
| Aj 1 

Ai = | | 
! jy 1 | 
| O Ai J 


is an e; X e; matrix, 


since A is non-derogatory. Lemma 3.2 together with Corollary 2.3 implies the result. 
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In this paper, the p-valent families S(p, «, Ze), Sr (p, *, Zo) and S [p, «, Zo], 
of starlike functions of order «, are considered. Functions in all the above 
families satisfy f (0) = 0 and f(zo) = Zo p for a fixed Z,| 2)! <1. In 
addition, functions in Sr (p, 4, Zo) take real values on (—1, 1) and all the 

- Taylor coefficients, starting from (p + 1)st on, of functions in S [p, «, Zo], 
are negative. Closed convex hulls and their extreme points for these fami- 
lies have been obtained. 


1. INTRODUCTION 


In the present paper we are concerned with the determination of closed convex 
hulls and extreme points of families of multivalent functions. A function f analytic in 
the unit disc E = {z: | z | < 1} and given by the power series 

| 


°o 
f (Z) = % 2? + eases. P= Ny paras | 2 ea FC ON a aes eB 


n=] 


is said to be in the class S (p, *, PA ea Ma os if it satisfies 





f (20) o ze re ee) 
and 
zf' (2) z tas Pee OE) 
Re ae } > Pp, | Zz | < 


It is easy to verify that a function f is in S (p, %, Zo) if and only if there exists a uni- 
valent starlike function g of order « having fixed points at z = 9 and at z = Z, such 
that f (z) = (g (z)) p. Hence functions in S (p, «, Zo) are p-valent starlike of order « 
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(Kapoor and Mishra’). Let K (p, 4, z)) denote the class of functions given by (1.1) and 
such that zf’ (z)/pis in S (p, &, z,). It now follows that functions in K(p, a, Z ) are 
p-valent convex of order « (Kapoor and Mishra). Further for — 1 < z) < 1 and for 
any family F of functions analytic in E, let Fr denote the class of functions in F that 
take real values on the interval (—1, 1). The classes Sr (p, «, Z)) and Kr (p, %, Zo) are 


now defined accordingly. 


Fait and Zlotkiewicz’ have determined the closed convex hulls and their extreme 
points of the univalent families S (1, «, zo) and K (1, «, z»). They have shown that the 
closed convex hulls can be generated by integrals of some familiar functions and the 
kernels in these integrals are precisely the extreme points. In Section 2 we generalize 
their results for the corresponding p-valent families. Specifically we determine the 
closed convex hulls and their extreme points for the families S (p, «, Zo), K (p, &, Zo), 
Sr (p, % Zo) and Kr (p, %, Z9). This serves as acontinuation of the study carried out 
earlier (Kapoor and Mishra)’. 


We next show that the above families of functions behave particularly nicely if 
we consider only such functions whose (p + 1!)*' coefficients on, are all negative. For 
—1 < z < 1, let S[p, «, zo] denote the subclass of functions fin Sr (p, ~, Zo) given by 
the power series 


f (z) = ay 2? — = (eae secs OR ie oad NS ...(1.4) 
Also let K [p, x, zo], — 1 < zo < 1, denote the subclass of functions fin Kr (p, «, Zo) 
given by (1.4), Silverman®”’ studied the behaviour of the univalent families S [1, «, 0], 
K [1], ~, 0], S[l, «, zo] and K[l, «, zo]. His results generalized the corresponding re- 
sults for univalent polynomials by Schild’ and Pilat*. In Section 3 of our present paper 
we extend the results of Silverman to p-valent cases. 


It turns out that the extreme points of the families S [p, «, z,] and K[p, «, Zo] are 
much simpler in form than those of Sz (p, «, zo) and Kp (p, %, 20). 


Throughout in this paper for any family F, we denote by HF the closed convex 
hull of F and by EHF the set of extreme points of HF. ~ 


45 — 

2. DEFERMINATION OF THE CLOsED Convex HULLS AND 
THEIR EXTREME POINTS FOR THE FAMILIES 

S(p, %, 20), K (p, «, 20), Sr (p, % Zo) AND Kr (p, @, 29) 


Closely related to S (p, x, Zo) is the class of normalised p-valent starlike functions 
of order «. A function / analytic in E and given by the powers series f(z) = z? 


co 
n+ : . . . . . 
+ Za, z"*?, is said to be in S (p, «) if it satisfies (1.3)?. The following lemma esta- 


n=1 


blishes a one-to-one relation between S (p, «) and S (p, «, zo). 
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Lemma —If fis in S (p, ~) then g defined by 





£2. zP (1 — | Zo | 2)20-%)p, Z— Zo . 
g (z) <r (z = 9,)F a ae Zoz)Pu Be) fal foes Foz Jz — i? ACAD 


is in S (p, «, z)) and vice-versa. 


Proor : For P real, 0 < p < 1, let 


= eek EO he mace Z— % : 
Be (2) = =z) (1 — zy) fishy eee )). bea: 








Then 


28, (z) 7 —pz(1 — % Z) mee Os 2) Zo z (z — Zo) 


8e(Z) (z — zo) (1 — % z) 
z(1 — | 201 *) w(z) f’ (wz) w(z)= P (z — 2) 














+@—md-m@) Swe)’ ee 
Letting z = e*® we have 
ee hs, Pp {z (Zo Zz — 202) + 22xz( | 20|? — 2% 2)} 
ge(z) (z—Z9) (1 — 2) 
re) PAN Gee era as BR aE) 
(z - 20) (1—Zp z) f (w (2) 
and 
ye eb pa (h sl * Re (22), t= 120 I 
meeriie cout aise te 
w(z) f (w (z)) 
emery 
2pa (| 2 |? — Re (%z2)) ee eee 
aon =a as ie ee ee 
_ _pu(l + | Z| * — 2Re (Zo z)) 
“z ize— fel 
= Fig 


Thus g, (z) is a p-valent starlike function of order « for each admissible value of Pp. 
Since the class of p-valent starlike functions is compact g (z) = one Zp (Zz) is also p- 


: P 
valent starlike of order «. It is easy to verify that g (Zo) = 2, - 


Conversely, we can repeat the above consideration starting with a function g in 
S (p, %, Zo) defined by (2.1) to end up with the conclusion that 


A hes ) lz1<1. 


fO= Gay + mmr FI + z02 
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isin S(p,«). This completes the proof of Lemma |. 
We next prove the following theorems : 


Theorem 1—Let X = {x: |x| = 1}, P be the set of probability measures on 9 ¢ 
and let F denote the class of functions fy given by 


zP (1 — xZ)*PU-®) 


fy (z) = | (imran RG) ae 
7 ; 


Then, F = HS (p, «, Zo) and the functions 


7 
“ 


zP (1 — xZ9)*9. ») 
- | (ra xzyramay = (2, x, p*, 20), |x| = 1. 


are the only extreme points of HS (p, «, Zp). 
Proor : Each function k (z, x, p, «, Zo) is in S (p, «, Zo). Hence f k (z, x, p, %, Zo) 
x 
dy (x) for vin Pisin HS (p, «, Zo). This gives F C HS (p, «, Zo). 


To prove the opposite inclusion relation it is sufficient to show that S(p, «, Zo) 


C F, for, F is a closed convex set. Suppose that f is in S (p,a,z,). Then by Lemma 1 
there exists a g in S (p, «) such that 


P(1 — | Z | 2)?7?0Q-%) z= 
f(2) = oP ee ne g (Fa 


(1 os £o2)90-*) (z — 25)? a Zz ) a Sd 


N 


Functions in the closed convex hull of S (p,«) are given by the integral represen- 
tation (Kapoor and Mishra’, Theorem 1), 


P 
| Seay 4 (P), vin P and | 2 | aa 
z 


Therefore, we can write 





( 7% y 
(ste) fp US 
1 -— ZoZ x(1 a Z maa een dv(x) 
1—Zoz 


for some v in P. Substituting the above in (2.2) we have 


x 


(I—%z—x(z— z)ra-ay 4 (). 


+ : < A 
he transformation x = (y — Z)/(1 — yzo) defines a one-to-one mapping of X onto 


itself. Now if we define the probability measure y by 


— N eae: 
10) dy a 


.3(23) 
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then 


zP (1 — yZo)*P'-*) 


fom | yaaa 410 
x 


Hence f is in F and HS (p, «, zo) = F. 


Since the extreme points of P are the unit point mass measures, the functions 
k (z, x, px, Zo), | x | = | are the extreme points of HS (p, «, zo) and since the mapping 
v = fy is one-to-one, these are the only extreme points. 


Theorem 2—Let X and P beas in Theorem | and let F be the class of functions 
fv defined on E by 


7 7-1 — 2p(1-% 
fi (z) = | BOP ies hd ar dy (x), vin P. 
a C) 


a am x1)2P-@) 


Then F = HK (p, «, Zo) and the functions 


z 
pt?-) (1—xzot)*PC-™) ; 
zZ=> |e nea dt, x in X 
0 


are the olny extreme points of HK (p, «, Zo). 


Proor : Let A, be the class of functions / analytic in Esuch that f (0) = 0. 


The map (Lf) (z) = Pp ee dt is a linear homeomorphism from Ay to Ay and 


0 


L (S (p, &, Zo)) = K (p, 4, Z). Since linear homeomorphism presrves closed convex hull 
as well its extreme points the conclusion of the theorem follows from Theorem 1. 


Theorem 3—Let X = {x: |x| = 1, Imx 2 90}, P be the set of probability mea- 


sures on X, Z) real, — 1 < z) < 1, and let F he the class of functions fy defined on E 


by 


zP (1 —xz))PG-™) (1 — ¥Z )p(i—a) : 
f(a= fir xz)P =e) (ie sz ypI=3) dy (x),vin P. __...(2.4) 
x 


Then, F = HS (p, «, Zo) and the functions 


OB Wap TN dete Ui Oe 
__ wl = x2, ae ce 
(lL — xzea-e) (1 — Kzp)rO-") 





Ar a 


are precisely the extreme points of HSr (p, 4, Za)s 
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Proor : The lines of proof of this theorem is similar to that in Theorem 1. Each 
function in the kernel of the integral in (2.4) is in Sr (p, %, 20). 


Hence 
F c= HSr (p, a, Zo). 


We, next, observe that if— 1 < z) < 1 the transformation (2.1) given in Lemma 1 
provides a one-to-one onto correspondence between Sr(p, «) and Sr (Pp, 4, zo). Now, 
let f be in Sr (p, «, Zo). Then f (z) can be written as 


ze (1 — zs )2pc1-%) 


¢ (7-2 ),z1<1 


]— ZZ 


{= 


(1 —29z)P1-#*) (z—2 9)? 
forsome gin Sr(p,«). Functions in the closed convex hull of Sr (p, «) are given by 


the integral representation (Kapoor and Mishra*, Theorem 3). 


zp | . 
lf? dy (x), vin P. 


Using this formula we can write 


ze(| — z? ) 2*p(i-e) 





T(2)= | 


XxX 


dy (x) 


(1 - 29 z—x(z—z,_))9O-*) (1 —2, z—X(z—z,) 9 


forsome vin P. For real z, — 1 < z) < 1, the formula x = (y — 2Zo)/(1 — yzo) de- 
fines a one-to-one mapping of X onto itself and if we define the probability measure » 
as in (2.3) then 


— ZP (1 — yZ)?\'-*) (1 — Pz,)PG-*) 
Ale [2 oa d 7 (y). 
XxX 


Hence fis in F and HS (p, a, z)) = F. 


The uniqueness of the extreme points follows from the fact that the transforma- 
tion v + fy is one-to-one. The proof is complete. : 


Theorem S—Let X, P and zp be defined as in Theorem 3 and let F be the class of 
functions f, defined on E by 


z 


: an pirate XZ_)P(-@) (1 fd ¥Z9)?A—*) : 
i (z) | oe ae dt | ds, vin P. 


Then F = HKp(p, a, Zo) and the functions 


pt?) (1 — xz,)p-%) (1 — ¥z,))PG-#) 
2 ES ee tel | 0 ° 
| (I — x0)po-9) (7 — gpppa-ay 4, Xin X 
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are precisely the extreme points of HKr (p, %, Zo). 


Proor: Since LZ (Sr (p, «, Z0)) = Kr(P, %, Zo) where ZL is the linear homemor- 


Zz 


phism (Lf) (z) = | TAGE dt, the theorem follows from Theorem 3. 


0 


3. CHARACTERISATION THEOREMS AND EXTREME POINTS 


FOR THB Famiies S[p, «, Zo] AND K[p, %, Zo] 


The following characterisation theorems for S[p, «, O] and K [p, «, 0] are needed 
to derive characterisation theorems for S[p,«,zo] and K [p, %, Zo]. 


Theorem A®—A function f given by the series (1.4) is in S [p, «, 0] if and only if 


E (n + p — pa) dy < a p(l — 2). 3.1) 
i hee | 
Theorem B *—A function f given by the series (1.4) isin K[p, «, 0] if and only 
if 
co 
So CLP nt p— pa) ty S00 9 — 2). 1.2) 
el 


We have the following theorems. 
aed . . 
Theorem 5—Suppose a, > 0 for every 7. Then f(z) = 4 2? — 2 a, z"*? is in 
ne 


S[p, «, Zo] if and only if 


>« { ‘ ee — % \ <1. 2133) 


oo . . . 
Proor : Condition (1.2) gives ao = Ee SA a, 2, - Substituting this value of ao 
in (3.1) we get (3.3). 


io 2) 
Corollary 1—Suppose 4, 2 0 for every ”. Then f(z) = 42? — 2% Gn z"tp 


n=l 


is in K[p, «, Zo] if and only if 


x et p(n eB Pe) as } 0 13.4) 
S ri | Pp rtihice) : 
n=1 


oo . 
Proor : As in the theorem we have a = 14+ 8 a, Z, - Now substitut- 


n=l 


ing the value of a, in (3.2) we have (3.4). 
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co 
Corollary 2— If f(z) = a)z?— & an z"*p isin S [p, «, Zo] then 
dp << eeeeee 1, 2p ase =) 
ne pi(ls-ia) ap Cea) 
with equality for 


h@ 2 2 ee 


(np = pa)ip (le epee, 


SE Sect Fae ear et (8 


Unlike Sp (p, «, Z)) the family S[p, «, 29] is convex. For, if Jf, and /f, are in 
S[p,«,Zo] then Af, + (1 — A) fi, 0 < A<1, also satisfies the coefficient inequality (3.3). 
Similarly, K [p, «, Zo] is also a convex family. In the next two theorems we determine 
the extreme points of these two convex families. 


Theorem 6—Set 
ho (z) = 2P 
and 
fr @) = eo SISO ae gee 


» msl 2 Ro eaten 
(n+ p(t —a)) —(p(1 —a)) 2" 


Then a function / (z) is in S [p, «, Zo] if and only if it can be expressed in the form 


’ oo . oo 
f(o) = Zz A »fn (Z) where A, > 0, ee An = 1. Hence the extreme points of S [p, « 
Zo] are the functions /, (z),n = 0, Wage A Pers 


> 


co 
Proor : Suppose f(z) = Zann (z), where A,, > 0, EA, = |, 
n=0 
0o 
fa=met Sa, (n+p — pa) 2 





n=1 (1 + p — pa) —-p (1 — a) oe 


co 
— Sh eee 


n=] (1 + p — px) — p(1 ~a) 2" 


[4 + 33 ( — =e a 


n+p (1—«) —p(1 — a) 2" 


(equation continued on P. 873) 
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Frain t al0 a) Eo 
1 (n+p—pa)—p(1 — a) 25 


00 
zP — 
n= 


Thus, the coefficients of f (z) satisfy the inequality (3.3) and / is in S [p, ~, Zo]. 


°0o 
Conversely, suppose that f(z) = a) z? — % a, z"*P is in S[p, «, Zo]. Now set 
n=) 


n+p(l—«)—(p(l— a) 2 
A,= Sweaeetii.8) 1. ee = i ta ore 


and 


foe) 
A =1- z Ane 


n=] 


Using the coefficient inequality (3.5) it is seen that 0 <A, <1 and by (3.3) it follows 


fo 2] 
that 0 < A, <1. With this choice of A,, f(z) can be written as f(z) = 2 An farte). 
This shows that the extreme®points of S[p,, zo] aref, for n = 0; 1, 2, 2. and the 
proof is complete. 


Theorem 7—Set 


fo(z) = 2 
and 


fi(2) = “+p @+tp—a)2—pr(l— oer 


(n + p)(n + p(l + @)) —p? (1 — 2%) 2% 
n= I 2: 35 eeee eae 
Then f (z) is in K [p, @, zo] if it can be expressed in the form 


co 


f (2) = 2 Aa te (2) 
n=0 


where A, > 0 and 5 rd, = 1. The extreme points of K [p, «, Zo] are precisely the fun- 
n=1 
ctions f,, ” = 9, 1, ee 

Proor : The lines of proof of Theorem 6 can be adopted to prove this theorem 


and we omit the details. 
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ON LINEAR COMBINATIONS OF n ANALYTIC FUNCTIONS 
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In this paper. we obtain two Theorems of general nature which unify and 
generalize some known radii results concerning linear combinations of analytic 
functions in various well known classes. 


1. INTRODUCTION 


Let N denote the set of all analytic functions on the unit disc | z | < 1 such 


that {(0) = 0, f’ (0) = 1. Let ses (8, c) be the class of all functions f in N such 
that 





if | Re eA Jz) — Bcos \ | dog S kn (1 — 8) cosa ad) 
0 
where 
ad l z f' @) : 
J f(z) = Cc am i f (2) ’ ee ey 


c being a nonzero complex number, —7/2 <A < n[2,0 SB < landk = 2. The 
class U : (B, c) contains as special cases may classes of analytic functions studied in 
literature, for example, (i) (c = |, A = 0,k = 2) the class S* (8) of starlike functions 
of order 8 due to Robertson’, (ii) (c = 1, k = 2) the class u>* (8) of  A-spirallike 
functions of order @ due to Sizuk'*, (iii) (c = 1, B = 0,A = 0) the class U; of 
bounded radius rotation due to Pinchuk? and its generalizations U, (@) due to 
Padmanabhan and Parvatham"’ and U : (8) due to Reddy’. 


peat er’ 
Let y> (8, c) be the class of functions / in N such that zf’ isin Uy (8, ¢). This 


class generalizes many classes of analytic functions such as (i) (c oat A= 0, k = 2) 
the class C (8) of convex functions of order B due to Robertson’, (ii) (c = 1,8 = 90, 


k = 2) the class yo of Robertson functions namely functions f for which zf’ is A- 
spirallike’’, (iii) (c = 1,4 = 0, 8 = 0) the class V% of functions of bounded boundary 
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rotation due to Paatero® and its generalizations V(B)due to Moulis’ and V;, (c) due to 


Nasr®. The class va (8, c) was introduced by Reddy®. 


In Section 3 of this note we prove the following two Theorems concerning linear 


: d 
combinations of n functions in the classes U> (8, c) and V, (6, c). 


Theorem 1\—Let fy, ..., fr be n functions in U> (B, c) and F=y, fy + -.. + Ynfn 
where y,, ..., Y, are complex numbers such that 0 S p = max arg (yily;) < &. 


1Si, jn 
Further let ¢ = arg c and 


g(r) =p +2|c| (1 — 8) cos A[k | cos (A — ¢) | sin-? r + | sin(A—¢)! 





k/2-1 
log er <7,(0<r< 1). ...() 
l z. Fe” (2) ; : 39 
Then Re (1 pity cies 816; > Oin|z |< Ry where Rp is the least positive 


root of the equation 
h(r) = 1 + r*®(2(1 — 8) cos? — 1] — kr(1 — 8) 
cos A sec [g (r)/2] = 0. ...(4) 


Theorem 2—Let F be as in Theorem | with f, ..., f, in ge (B, c). Let g (r) be 


as in (3). Then Re( 1+ = ria) > Oin|z|< R, where R, is as above. 


The above two Theorems unify and generalize many results found in literature. 
In fact the following corollaries are immediate. 


Corollary 1\—The conditions on Yis +++) Yn being as in Theorem | a region 


| z| < R, of starlikeness of "fi Toco Yn Sue Oe ee f, are A-spirallike of 
order 8, is obtained by putting c = 1 and k = 2in Theorem !. 


As a further special case of this Corollar 


y (when A = 0) we obtain a region of 
Starliken 


ess of Jinear combinations of starlike functions of order 8. 


Corollary 2—Let n = 2 and the conditions on y, and yz be as in Theorem 1. 


Then a region | z | < Ro of starlikeness of y1 f; + Yo fo where f,, f, are functions of 
bounded radius rotation is obtained by putting A= 0 = B andc = 1 in Theorem hi 
We thus obtain Theorem 4 in Padmanabhan and Parvatham?®, 


Corollary 3—The conditions On y1, ..., Yn being asin Theorem 1 a region j z | 
= REOL convexity ofvi fi +... + y, f, where fi, «5 fy are convex functions of 
order B, is obtained by putting c = 1,k = 2andA = 0 in Theorem 2. We thus 
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obtain Theorem 2 in Bhargava and Rao’. In particular when n = 2 we get Theorem 
2 of Silverman and Silvia’®. 


Next, a region of convexity of F = yi f/f; +... + yn fn is obtained when each 
f; is convex, by putting 8 = 0 in the above. In particular when n = 2 this yields 
Theorem 1 of Stump” which in turn contains the results of MacGregor® and Labelle 
and Rahman’. 


Corollary 4—The conditions on yi, .., y, being as in Theorem 1, a region 
| z| < R, of convexity of y: fi + ... + Yn f, where zf, ,...,2f, are  A-spirallike 
functions of order 8 is obtained by putting c = 1 and k = 2 in Theorem 2. 


Corollary 5—The conditions on y;, ..., y, being as in Theorem 1, a region | z | 
< R, of convexity of y; fi + ... + Yn f, where fi, ..., f, are functions of bounded 
boundary rotation is obtained by putting ¢c = | andA = 0 = 8. Again when = 2 
and k = 2 this reduces to Theorem | in Stump'’. 


Lemma | stated below in Section 2 and proved by the authors” is a key for all 
our discussions. It provides a direct generalization of a Lemma Stump'’. Stump 
devised his Lemma for discussing linear combinations y: f/f, + Y2 fo of two convex 
functions f; and f;. Padmanabhan and Parvatham’® have used Stump’s Lemma while 
discussing y, fi: + Y2 f, when /, and f, are in the class U,. Campbell* has given an 
excellent treatment of various radii results for linear combinations of n functions in 
various classes of analytic functions. However, Campbell has not considered the 
spaces considered by us here. Moreover, unlike us, Campbell felt that Stump’s formu- 
lation of determining the radii results for y, fi + Y2 fo in terms of the joint parameter 
a = arg (y,/y2) discouraged a generalization of the problem to arbitrary finite com- 


binations Sy ifi (Sy j = 1) and thus he reformulated the problem in terms of the 
1 1 
bound on the parameters arg yj. 


2. SOME PRELIMINARY RESULTS 


Lemma 1—If a, uy and 8B; ~ O0(j=1, ...,) are complex numbers with 
- he j= 1,...,n)and0 S@= max 
2B) = 1 and d= Osuch that|u,—a| Sd (J n) 1 <i, jSn 


arg (8:/B)) < 7, then 


Re Lu, B, = Rea — dsec 0/2. 
1 


Proor : See Bhargava and Rao’. 
Lemma 2—Let g (r) be defined by 


(1 ae ryriz-2 
4 (r) =pt As cin tet A, log 1 — rjeett 
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where 0 Sr < 1, Ay > 0, A; = 0, » < m and p = O. Then g (r) increases strictly in 
[0, 1) from p to eo and therefore there exists a unique ro in (0, 1) such that g (ro)=7. 


Proor : It is easy to see that g (0) = » and g(r) >, asr > 1 — 0. 


Now 


4o 


' x: Ai (k + 2r) S 
g (r) oe / 1 xe r2 


1 — r? 


a 


and hence the result is true. 


Lemma 3—If fis in us (8, c) and ¢ = argc then 


| arg f/z| < |c|(1 — B)cosA [k | cos (A — ¢) | sin-4r + | sin(A— ¢) | 
(1 + r)ke-a is 
los Ta pre OC reas) 


Proor: Since fis in U z (8, c), we may choose g in U; such that?, 


(/]z) oi = glz. 


Here using’, 


(+ ke 


larg g/z | S ksin™'r, log | g/z | S log (1 — ryt 


we have the required inequality. 


3. PROOFS OF THE MAIN THEOREMS 


Proof of Theorem \—F (2) = y, fi (z)+...+ Yn Sy (Z) where f; are in U» (6, c). 
Hence 





l F’ : 
ee oie ce FD. = ~ uj (z) B, (2). 


1 
where 


zf; (2) 
= : and B, (z) — ne Sf; (z) 


gh er cZ, (2) E 4 . 
Ret 1 (Z 


QO |— 


Since each f; is in U}\(B, c), we have from Bhargava and Nanjunda Rao! | u,—a | <d 


where 
que Lt ri (2e74( i 8) cos =) 4p ke SaB) cosa 
l1—r ® kmh ak a a 


1 — r? 
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] F' 
Hence from Lemma 1, Re (| rane + <= ) > 0 for | | < Ro where Ro is the 


least positive root of the equation Rea — d sec g (r)/2 = 0, that is, Ry is the least 
positive root of the equation / (r) = 0. That A (r) = 0 hasa positive root follows 
since h (0) = 1 and h (r) +—e», since g (r) > 7 (as rro where ro is as in Lemma 2). 


Proof of Theorem 2—Since f; is in v> (B, c) we see that zf; isin u> (B, ¢) 


(Bhargava and Rao’). The Theorem now follows immediately from Theorem 1 on 


changing f; to zf,; there. 
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Schild and Silverman? have investigated some properties of convolutions of 
univalent functions with negative coefficients which are starlike of order « or 
convex of order «. Reddy and Padmanabhan! have examined a certain class 
of p-valent starlike functions S, (A,B). Using their results, we investigate 
some properties of convolutions of univalent functions with negative coeffi- 
cients from either a class 7* (4, B) or C (A, B). 


1. INTRODUCTION 


Let S denote the class of normalized univalent functions of the form {@ez 


Nu»? 


co 
+ 2 a, 2", analytic in the unit disc E = {z: |z | <1}. We denote by T the subclass 


of functions of S of the form f(z) = z — = A, 2", d, > 0. S* (x) and K («) denote 
n=2 , 


respectively subclasses of S containing starlike and convex functions of order «, 
0 <a < 1. We denote by T* (~) and C (a), the subclasses of T which are respectively 
starlike of order « and convex of order «. These classes were introduced by 
Silverman’®, 


Let H = {w: analytic in E, w (0) = 0,|w(z)|< lin E}. Let P (A, B) denote 


the class of analytic functions in E which are of the form ee Phen CY, Koad: kx | 
w (z ST 


weE H. 


Define 


S* (4, B) ={f,f © S and x € P(A, B)} 
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and 


K (A, B) = {f, f € S and a € P(A, B)}. 
We further define T* (A, B) = {f,f © T and 
= {fre rant ZY Cpr, B)}. 


- € P(A, B)} and C (A, B) 





ie 
co oo 
If f(z)=z— 3 a,z"andg(z)=z— = 65, 2” with a, 5, 2 0, their 
head 9 


noe 


Hadamard product or convolution is defined by h/ (z) = f(z) * g (z)=z— 2 a, 6, 2". 


In a recent paper Schild and Silverman’ investigated some properties of con- 
volutions of functions with negative coefficients from T* («) or C (x). It is our aim 
in this paper to investigate the corresponding properties of the convolutions of 
functions from the classes 7* (A, B) or C (A, B). 


Again Reddy and Padmanabhan’ examined p-valent starlike functions with 
negative coefficients in E. In the sequel we make frequent use of the following 
lemmas proved by Reddy and Padmanabhan’. 


[o.e) 
Lemma A—A function f(z) = 2 — ®% 4,2", 4p > 0 is in 7* (A, B) if and only 


if 
co 
aS pach ea Acta We oe |: 
B-—A 
m2 
co . 
Lemma B—A function f(z) = z— 2 412"; 4n 7 0 is in C (A, B) if and only 
N=a2 
if 


5S m a a (B tbat + DT am Seals 


n-=2 
This follows from Lemma A, on observing that 


fEC(A, B)= 7f' E T* (A, B). 


2. CONVOLUTIONS OF FUNCTIONS FROM Susc asses oF T* (A, B) 


Let us now investigate the nature of h(z) = f (z)* g (2), given that f(z) and 
g (z) belong to T* (A, B) and C (A, B). 
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oo oo ; 
Theorem 1—If f(z) = z— 2 a, 2" and g(z) =z — a b, 2", a, > 0; 6b, 2 O 
22 n= 


are elements of 7* (A, B) then 


h(z) = f(z)* g(z) =z — 3 a, b, z” is an elements of J* (A,, B,) with 
n—2 


= 


k 
—1< A, < B, < 1 where 4, & 1 — 2k, B, = ate and that the bounds for 


A, and B, cannot be improved. 


ProoF : From Lemma A, we know that 


— m(B+ 1) — (A + 1) 
a TF aRis Ae | mi 8 


m=2 


and 


ioe) 
m(B+ 1) — (A+ 1) Lt ' 


m™2 


We wish to find values A;, B, such that — 1 <€ 4, < B, s + 1, vforh(z) = f(z) * 
& (z) © T * (Ai, B,). Equivalently we want to determine A,, B, satisfying 


co 
> ey ea er am bin < e sd OY, 


Combining (1) and (2), we get using the Cauchy-Schwarz inequality 


lo“) =a co oo 
FouVanbm (2 uam)'l? (2 ubn)'l? <1 ...(4) 
where 
e m(B-+ 1) — (A + 1) 
(Bee A) : 


(3) is satisfied if 


UU, Am bin S u V an bm 


where 
Toe m (B, + 1) — (Ai + 1) 
BOE HAST pain ma 7e oa) 
for m = 2, 3, ..., that is, if uy “faba moe 


But from (4) we have 


ey 
Im Om = = — 
fa > u > m 2 i iva is(6) 
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Therefore it is enough to find u, such that 


l u 
u uy 
or 
uu it) 


(7) is equivalent to 


m(B, + 1) — (4, + 1) < (2@ 7D) "(AL 1) ) aig ponre Be 
(By — A1) B—A 
That is, m (B, + 1) — (A, + 1) < u? (By — A)). 
This yields 


uz — | 


It is easy to verify that u2 > 1 form > 2. Now (8) gives on simplification. 


B, — A, eed “ (9) 
aE ee mp? form > 2. 


The right hand member decreases as m increases and so is maximum for m= 2. So 
(9) is satisfied provided 


B, co A, 7 (B — A)* si k (10) 
Rees LOB ha (ha) 
say 
Obviously k < 1 and fixing A, in (10), we get 
Beene Pty) 


1—-k ~ 


It is easy to verify that — 1 < A, < Bj, € 1. When we take 


—A 
f@@=—2@<=-z- oa Gy Beer {As B), 


it follows that 


Hee 
h(z) = f(z)* g(z) =z — Heads 


Then 
2B st Nt ar ed). (28 = Ar 1)? 


(B, — A) (B — A)? 
showing that h € 7* (1 — 2k, 1), with & as in (10). 


nit 2 
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Remarks : Taking A = 2« — 1, B = 1, the class T* (A, B) reduces to T * («) 
and our results yield the corresponding result in Schild and Silverman® on the convolu- 
tion of two functions in T* (<). 


Corollary—For f(z) and g(z) as in Theorem 1, the function A given by 
oo a 
h(z) =z — fe Va, 6,2" € T*(A, B), The result follows immediately from (4) 


using the Cauchy-Schwarz inequality. For the same functions asin Theorem 1, the 
result is best possible. 
Theorem 2—If f € T* (A, B) and g € T*(A’, B’) then fx g © T* (A, Bi) 


where A; < 1 — 2k and B; > a +# with 





Fete (B — A) (B’ — A) 
(2B — A + 1)(2B’ — A’ + 1) —(B— A) (B’— A’) * 
The result is best possible. 
Proor : Proceeding exactly aS in Theorem 1, we require 


m(B, + 1) — (41 + 1) m(B + 1) —- (A+ 1) 


(B; = Ay) = (B—A) 
m (B' + 1) — (4’ +1) 
a eB a 


for all m > 2. 
That is 


B, — Ay rag m 


l 
Boca ae 


+ ~as€h2) 


1 


The function Se 2. 


i is decreasing with respect to m and is maximum for m = 2 


a 
> 


we get from (12), 


Aya A (B— A) (B'— A’) 
B+ 1 (2B-A+1) (2B’- 4+1) = (B-A) (Boa) = 13) 
Clearly k < 1. 








Fix; A, +k : 
ixing A, in (13) we get B, > $e R ‘Aswe require + B, <1, we immediately 


If we now take 





obtain A, < 1 — 2k. 


os gape 2 
f(2=z Sp eee Ot ae) 


and 


Bi oe : te 
— ar pees Bi RD 





g(z) =z = rB 
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we see that 


_,___ (B- A (B' A) 2 
Peele 2 op Al} (2B = A 1) 
Then 


2(B, + 1)—(4, +1) — @QB— A +1)(2B' — 4’ +1) 


B, — A, (B — A) (B’ — A’) 
when 4, = | — 2k and B; = | showing that our result is best possible. 


Remark : Again putting A = 2c -1, B= 1, A’ = 2y —1 and B’=1 in 
Theorem 2 we get f(z) € T* («) and g (z) € T* (y) and the corresponding result that 


f(2)* ge T* (+ 


‘ <r | as in Schild and Silverman’ immediately follows. 
Corollary—If f (z), g (z), h (z) € T* (A, B) then f (z)* g (z)* h(z) € T* (As, Be) 
where A, < 1 — 2k, 


A, + ky (B—A) (B,— Ay) 


2 ith k, = 
ga aes k, with. ® (2B, —Ai+1) (2B—A+1) — (B—A)(B,—Ay) 
where Aj, B, are given as in Theorem 1. 


Proor : f(z), g (z) € T* (A, B). Therefore by Theorem 1, F(z) = f (2)" g (z) 


. Atk : (B—A 
* = om AS eee ee 
E€ T* (A, B,) where A; S 1 2k and B; > a6 with k (2B—A+1)? — (B—A)*” 


Now F(z) € T* (A, B,) and h (z) € T* (A, B) and by Theorem 2, the result follows. 
For functions of the class C (A, B) we have the following similar results. Using 
Lemma B and Proceeding exactly as in Theorem |, we get : 


Theorem 3—If f € C (A, B) andg € C (4', B’) then f* g © C(Ai, B,) where 
Ar <1 — 2kand B, > a a with 
(B—A) (B’—A’) 
(2B—A+1) (2B’—A +1) — (B—A) (B'—A’) , 











k= 
The result is best possible. 


B — A) ‘ 
Remarks : (1) Choosing (2) ho Tea z2 € C(A, B) and 


g(z) =z— TOR-A OB =T ED z* & C(A,, B,) he A, = 1 — 2k and 
B, = 1 with k as given above. We can show that our estimates are sharp, in 
Theorem 3. 

(2) Putting A = 24 — 4 =%2z —-1B=B= 1 we get the corresponding 
result of Silverman and Schild® for the convolution of two functions from C («) and 
C (y). It follows from Theorem 1 that iff,g € T*(—1, + 1) then f* g © T* (Ai, B,) 


3A, + 1 
where A; < } and Bi 2 Saag ai ; 
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Using both Lemmas A and B and proceeding exactly as in Theorem 1, we get 
the following interesting result. 
Theorem 4—lf f € T* (A, B) and g € T*(A’, B’) then A (z) = f (z)* g (z) 


kee 
€ C(A,, B, where A, < 1 — 2k, B, > ars with 





2 (B- A) (B'—A’) 


«= (2B-A4 1) @B'—A'+ 1) — 2 (BA) (BAY 


The result is best possible. 


eth ae 
2B—A+| 


z* € T* (A’, B) clearly show that our bounds for B,; and 


Remarks : (1) The functions f(z) = z — 
B'—A' 

Blas aot sree 1 iF 

A, are the best possible with k given above. Here f* g € C(1 — 2k, 1). 


z> € T*(A, B) and 


(2) On putting B= B= 1 and A=2«4— 1, A’ = 2y — 1, Theorem 4 
immediately reduces the corresponding result of Silverman and Schild?. 


foe) 
Theorem 5—If f(z) = z — - a, 2", a, ~ O belongs to T* (A, B) and g (z) = 2 
oo . 
- % b, 2" with | by |< 1, i> 2, then f* g € S* (A, B). 


Proor : Since f € T* (A, B), we have 


oo 
m (B+ 1) — (A ] 
> mae GTN 1. Further | 5: | | 1, i > 2. 


m=2 
Therefore 
ee) (B ) 00 
Ea Ree Non Peli 28 m (B+1) — (A+1) 
Dy BA Qn 5 See ay | by | . 


m=2 2 


<i 7 





This shows that f (z)* g (z) =z — 3 ay by, 2" E S* (A, B). 


Corollary—If f(T (4B) andy ye @) me = oe eee ee 
i> 2, then f* g © T*(A, B), ay 
Note : g (z) need not even be univalent. 


In an exactly similar manner we have : 
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co 
Theorem 6—If f(z) = z — 2 a, 2", dm > O belongs to C (A, B) and g (z) = z 


oo 
— 2% bm z™,| bi | <1 fori > 2, then f* g € K (A, B). 


Corollary—If f(z) € C (A, B) and g (z) = z — = bm, Va bh < 1, ie 2 
then f* g € C (A, B). 


Remark : Our results generalize the corresponding results for T* («) and C («) as 
in Schild and Silverman’. 


Consider the functions f (z) = z — z’ and g (z) = Cs 


B—A _ _ (B=A) © 
2B-A+t1 (B—A+2) 


: eC A) ees (B-—A) ; 
3 * = =S Zz" a nes SE 

z? in T* (A, B). It is clear that h(z) =z QB-A+1) (B-A+2) 

belongs to T* (—1, +1) only for values of A and B such that 3 (B- A)? < (A+))’, 


and h (z) need not belong to T*(—1, +1) for all A and B. In other words, 
oo 

f, gz € T* (A, B) need not necessarily imply that h(z)=z— % (a,+b,)2" € Tr (A Ba 
a™2 


for any pair of values A,, Bi. But we have : 


oo 
Theorem 7—If f,g € T* (A, B) then A (z) = z — % (4, + b* )z" € T*(A,, Bi) 


Apt k 
I 


where 4; < 1 — 2k and B, > =|] 


with 





2 (B- A)? 


a CLEP EN ee UE es 


Our result is best possible. 


Proor : Since f, g € 7* (A, B), 


— m(B+1)—-(A+)) 


yg ad | 


and 


— m(B+1)-(A+) 4 24, 
>; B—A ce 


Now 


> [nea nh <{>"! bal awe Ea a,b <1, 


ee (14) 
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Similarly 
7 m(B + 1) — (4+ 1) b <i, A UIE), 
» B-A zs 
Hence 
Sl (mB+N-U+) (ate )<1. (16) 
> 2 ogee > * 


h(z) € T* (A;, Bi) if and only if 


= (2G vata») ( a+ Be i} <1. (17) 
Ss B, a A, m m 


Comparing (17) with (16) we see that (17) is true if 


m(B,+1)— (Atl) ¢ 1 ( m(B+1I)- (44+) _ wv 18 
PBDI gf (mtn = ) ze GR) 


Simplifying (18) we get, 


ae oleae 2 —] 
Fa > FD X yom). (19) 
] 





Since y (mm) is a decreasing function of m and on putting m = 2 in (19), we get 





goa edt teat =k (20 
B+1 ~ (2B—-A+1)?—2(B-4P (20) 
yey: 


Keeping 4, fixed in (20) we get B, > rey: and B, < 1 gives A, < 1 — 2k with 
k given as in (20). 


B-—A 


The functions f(z) = g (z) = z — (2B—A+1) z* show that our result is sharp. 
2 (B—A)* 2 * ig . . 
=z7— —~ 1 — 2k, 1 k 20). 
Actually, A(z) (QB—A+1): Fey eed Bin | 2 ) with & as in (20) 


Remark : Again with A = 24 — | and B = l we get the results of Schild and 
Silverman as in’. 


We have shown in Theorem | that if f, g € T* (A, B), then f* g € T* (Ai, B1) 
as grees a. Ag eae eee ” (B— A)? 
where 4, <1 — 2k and B, > i_q% With k= QB-A+1) — (B-aA) 
Conversely if h(z) € T* (Aj, B,), Ay, B, as described above, do there exist functions 


J, € T* (A, B) such that h (z) = f (z)* g(z)? The answer is negative as is shown 
by the following example. 
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lee) co 
Let f(z) =z— Za,2", g(z) =z — 2b, 2" with f,g € T* (A, B). 


Clearly 


B—A B-A é 
RSI ee mel Ae 


eo 


Hence 


f*g()=z— & a,b, 2" € T* (A, Bi) 
n=2 
as described in 


= 2 
Theorem 1—But a,, bm < CIESIES ESD: m > 2 for the convolution of 


any two functions in T* (A, B). Now consider : 


h (z) =Z- Ea zm E TAs B;). 
For h (z) we have, 
By—A, > (B— A)? 
m (Bit 1) — (Ai +!) (m(B+1) — (A+1))? 


for m > 2 asin Theorem 1. This shows that there are no fandg in T* (A, B) for 
which h = f* g, though h € T* (Aj, Bi). 
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The equations of motion of an axisymmetric rigid body in the gravitation field 
of an axisymmetric and spherical rigid bodies are formulated in Andoyer and 
Delaunay variables. The orbit of the spherical body is considered to bea 
circle. The problem is simplified by averaging over the fast variables and 
introducing a new time parameter +, such that the time fis a hyperelliptic 
function of >. The projections Ho and H, of the rotational momentum 
vectors into the direction of the total angular momentum vector of the system 
are harmonic or exponential function of +. The trajectory in the Ho, Hy 
plane is a part of an ellipse or hyperbola respectively. Also the perturbation 
on the elements of motion of the axisymmetric rigid body due to the motion 
of the sphere can be determined. 


1. INTRODUCTION AND STATEMENT OF THE PROBLEM 


The restricted problem of three rigid bodies are discussed by a number of 
authors. Certain particular regular solutions of this problem, corresponding to libra- 
tion points in the classical case and close to them were investigated by Shinkarik?®, 
Duboshin*", Elshaboury®, Vidyakin and Barkin’. Eremenko7’s obtained some parti- 
cular solutions of the restricted problem of three rigid bodies and discussed the 
stability of the motion corresponding to these solutions. 


In this work we consider a system of two axisymmetric rigid bodies M,, M, and 
a homogeneous sphere M. whose orbit w.r.t. M, is a circle. We shall study the trans- 
lational rotational motion of the rigid body ™, ina relative coordinate system with 
the origin at the centre of mass of M, and with axes Oxyz having fixed direction. The 
translational motion of body M, can be written in the form, Duboshin® : 


ue l ou 0 

x = —— (" + OR, ) 
m \ox, Ox, 

y= (es OR; 
m oy, oy, 

aire 24 (Wy OR, 

= m \ ar, + 02, ) 


es m oU, aU. au. 
R, = — U Aes <™~20 2 2 
im Oat ee (a ae tn aoe a ee) 
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whre U,o, U;, and U.9 are the force function of the mutual attraction of the three 
bodies My, M, and M,, my, m, and m, are the masses of these bodies respectively, and 
m = (mo m,)/m), + m,. We assume that m) Sm; > m,, Without loss of genera- 
lity, we can take the orbital plane of the body M, as the principal coordinate plane. 


We construct a system of principal central axes of inertial O.&: ) & for the body 
Mi (i = 0, 1). Let the principal central moments of inertia of the body M, be Aj, Ci. 
We introduce the Delaunay-Andoyer canonical elements for M@; (J, g, 4, L, G, H, hi, 81, 
hi, Li, Gi, Hi) and for M, (I',g', 4’, L’, G’, H’). The Hamiltonian function of the 
problem according to Kinoshita’, is written in the form 


F=F,+F, — ® 


where 





zr 
| 
| 


i 
come atk Un + (c - 3) 
ae tig art > [> Vata a 


#=0 


k? 
i 


k? my, 
‘se 





9 (C, — A;) Pi + 


a 
l 


(Cy — Ao) Po 


2 , <0 
Po=2S 2 PHS ZL Wage cos [ig, + «jf (A; — /) 


— dey k* (f + 8)], (s = 9, 1). 


Expressions for P‘ (J,) and Wi,x,; (@; I,) and given in Kinoshita®. Here, cos l= HIG, 
cos J, = L,/G,, cos 1,= H,/Gs; P, € and y take values of + 1, fis the true anomaly of 
M, w.r.t. Mo; r is the distance between the bodies M, and M,; k* is the gravitational 


constant and p = k? (m, + m)). 


We represent the quantity (r1o)"", “12 1S the distance between M, and Mz, 
in the form? 


Beers tases. Ce bia) 
ia == (a * 2 Z| = a a aes 0. 
: 4 , ynl2 , 
x (= ) b sighed (e) Seah (e elas mi-m. J (J, ) 
x cos[(kK — 2m+q)I + (k — 2m'+q')I’ + (k — 21) 
g—(k—2l')e +j(h— hk’) 


where a, e are the semimajor axis and the eccentricity of the orbit M,. Also, a’, e', / 
r * . . . . . - 
are respectively the semimajor axis, the eccentricity and the inclination of the orbit M2. 


In our case, a’ = const, e° = 0, I’ = 0. 
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2. THE EQUATIONS OF MOTION 


To simplify the problem, we average the problem by the Gaussian scheme over 
the fast variable /,/, g. and g,, also assuming that a/a’ is small value. Hence, the 
Hamiltonian of the problem can be written in the form" 


F ae Ky + K, ped HR 
where Ky is considered the unperturbed function while K, is the perturbed function 
r p? m3 Ll G3 Gi k? mm 0» + 
R= — oe + 5 (Bf - ZF) - Se erection 


— Q, [(3 cos? J— 1) (3 cos? J,—1) + 3 sin 2/ sin 2], cos (hy — A) 
+ 3sin® J sin® J, cos 2 (hy — h)] — Qi [(3cos? J—1) (3cos? 4, — 1) 
+ 3sin 2/ sin 2/; cos (41 — h) + 3sin? J sin? J, cos 2 (h, — h)] 


K, = —k?m eee (1 + Bee ler 1) e| cx 
1 2 a’ 2 ear +3 17150 (1) 


+ cut sty ] cos 22} 


ds 


Oo = 16 70 k? iB: 


6 aie (3 cos* J, os 1) 


aed l (C me A,) 9 
Qi = ig Mo KY aaa (3 cos* J, — }) 


and 


cot crt ce crt 


0:030? 0’0°0? 1919? —1’—10 
are defined in Brumberg’. 


The equations of the unperturbed motion of M,, M, and M, in the canonical 
form 


dijdt = eK,/aL, dL|dt = — oK,Jél 


dl,|dt = @KJeL;, dLildt == — aKolal (i = 0, 1). ates) 


3. THe SOLUTION oF UNPERTURBED EQUATIONS 
The equation of unperturbed motion (2) gives the first integrals 
K, = const., L = const., G = const., 


Li = const., G; = const. 


...(3) 
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As only gravitational forces are considered the total angular momentum is conserved, 
providing" 


G sin 7 sinh + Gysin J) sin hy + G, sin J, sin hy; = 0 .-.(4) 

G sin J cosh + Gp sin I) cos hy + G, sin I, cos h, = 0 (3) 

H+ HH, + H, = C. ...(6) 
By using the first integrals (4) — (6) and a new time parameter t, defined as’! 

dz = 3[¢ (HA), H,)]'!* at ae 
we get 

dH,/dt =x +uH,, dH,/d+ = y—vH, ...(8) 


where x, y, u and v are defined in Sidlichovsky'’. There are two distinct cases : 
(a) u,v >0O 

The equation of trajectory is an ellipse. 
(b) u,v<0 


The equation of trajectory is a hyperbola. The elements HM) and H, can be 
expressed as a function of the time ¢ by integration of eqn. (7), since the function 
¢ (H,, Hi) in the cases (a) and (b) can be written respectively as 


$ (A, H,) = do + = Id; sin j (ot — 5) a ¢; cos j (wt = 5) 


3 
$ (Ho, Hi) = vo Fae [b, efor + vrneo| 
where 
0 0” 2 owe B? w? 
$o =a* + b(H° + MW) +¢(A, b BY) + d(H 24 a) 


2 2 
+ et He Ho + f( HE Hy B+ HY He + 


H$. B? =) 
2u? 


be el 
$= BT [b+ 2H} + eH + (my ote Bs tee, H )| 


: © 4 H°)4 ¢(H® +248) +a (Ho — 243 oe 
bo =a + b(H, ole Hy) ce (a, 1 u- 


to 


@ 


9 
u* ) 


2 2 
+etH? H?+f(H) H)+24B H) + Hy Hy —2ABH, 
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0 
b= PA (1 - -)+ 2cAH? — 2dAH? = + et A (# — H =) 


2 


2 
0 @) 0 Or 42 te 0 
+f (Hp Ao 42H ut mt Papen? x 





ue? 


— 2H? Ht et eat p) 


The constants are easily obtained from Sidlichovsky". 


We note that in the unperturbed motion, the semimajor axis and the eccentricity 
of orbit M@; remain constant while its inclination angle and the projections Hp), H, of 
the rotational momentum vectors into the direction of the total angular momentum 
vector of the system are harmonic or exponential function of the time parameter +. 


4. Tue PerTURBED MOTION 


We note from the perturbed Hamiltonian K, that the elements of translational 
motion /, g,h and G are the only quantities which may be possibly affected by the 
motion of M, inacircle. The perturbation of these elements can be obtained from 
the following equations : 


t f 
51 = J (8K,/@L)y dt, 8g = § (AK,/0G)o dt 
t t 
0 0 


bh = J (0K,/OH)> dt, 8G = — f (0K,/ag)y dt ...(9) 


0 


°~ =~ 


where the subscript 0 refers to the values calculated in the unperturbed motion. 


Thus, the motion of the body M, affects only the eccentricity and the inclination 
orbital plane of the axisymmetric rigid body M, relative to the other axisymmetric Ma). 


The other parameter involved involved in the problem is found to be identical with 
those of unperturbed motion. ‘ 
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Recently, an estimate for the minimum potential strength which produces 
bound states was deduced, subject toa sufficiency condition, the interesting 
thing being that most potentials of physical interest satisfy this condition. The 
estimate is now vastly improved upon: The sufficiency condition is incorpo- 
rated into a well known iterative process to reduce an otherwise unwieldly but 
better estimate to a simple and useful one. It is then verified that the new, 


but equally simple estimate actually gives better results than the previous one, 
for some important potentials. 


1. INTRODUCTION 


Recently it was shown’ that A;, an upper bound for the minimum potential 
strength 4, which produces bound states, coincides with Ao when a certain sufficiency 
condition is satisfied. That is 


oo 


J r? U(r) dr 





Ag Ap = Rite 
co 
J r U(r) A (r) dr 
0 
where, i 
co 
A (r) = f G(r, 7’) U(r’) r’ dr’ 
0 
GO (rr)=—-rr>r 
ve ae 42) 
but 
Ao = r, 


...(3) 


MINIMUM POTENTIAL STRENGTH 897 
if 


FuMUoE a 





b=D\ =1, D= --(4) 
oo 
{ 0G) r? ar 
0 
In the process condition (4) was shown to ensure the following : 
A(r) or 
wave function « r. 45) 


If the condition (4) is only approximately satisfied, then equations (3) and (5) become 
approximate equalities. The important thing is that this is the case for a large number 
of potentials of physical interest?. 


We will now incorporate the sufficiency parameter b as defined in (4) into an iterative 
process to considerably improve upon the previous result. We will deduce a more 
accurate and at the same time an equally simple estimate, namely 

Ag SS Ay) 0: Ses ad 


2. THe MINIMUM POTENTIAL STRENGTH 
We first recapitulate the following well known results® : 


(i) The minimum potential strength Ao is the smallest positive eigen value of the 
homogeneous integral equation, 


ee ’ 
br)=AS GOR rr’) dr) dr’. hs 
0 
(ii) This smallest eigen value has an upper bound given by the expression, 


f $2 (r) U(r) dr 


= 1 eee 
Ao SA, = 


PF 6) U(r) G(r) U(r) $0") de dr 
0 


...(8) 


coun 


where ¢ (r) is an arbitrary function. However, the closer the function ¢ (r) is to the 
actual solution of (7), the closer is the upper bound; when ¢ (r) is the exact solution 
of (7), the upper bound A, coincides with 49. This can be easily verified by using 
eqn. (7) in (8). In fact one could build up an iterative procedure in the usual way. 


We first take ¢ (r) = 4 (r) where 1 is some suitable trial function. Substitu- 
tion of | in the inequality (8) gives an upper bound for Ay. We next obtain a better 
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approximation to / (r), namely }") by substituting ~) in the right side of equation (7). 
Substitution of /" thus obtained in inequality (8) gives an even closer upper bound 
to Aj, and so on. 


We also observe that the bound A,, given in (1) can be recovered from the upper 
bound A, given in (8) by the following method. 


We use the fact that at the minimum potential strength, / = 0, k? = 0 and 
So = 7/2 where 45) is the / = 0 zeroenergy resonance phase shift. So the radial 


Schrodinger equation 
w+ [ae — CED — A, U(r) ]u=0 


and its equivalent integral form’, namely 


u(r) = rcos 3; jf; (kr) + kr n, (kr ) j Ji(kr’) U(r’) u(r’) r' dr’ 


+ krj: (kr) f ny (kr') U(r') u(r’) rr’ dr’ 


go over respectively into 
u" — 4 U(r)u = 0 ...(9) 


and eqn. (7). As can be seen from (9), the zeroth approximation obtained by putting 
U (r) = 0, that is the free wave function, is given by the equation, 


yO)” = Q, 
That is 
Y) (r) == y{0) (r) ar yey 


where vis a constant, because of the boundary condition u (0) = 0, Subsituting 
equation (10) into (8) we recover (1). We now use the ‘iterative procedure described 
earlier. Accordingly, in the integral on the right side of equation (7), we replace v (r) 
by its zeroth approximation, given in (10). 


This gives 
U(r) = Av A (r). sssl 02) 


The substitution of (11) in (8) gives an even closer upper bound than A, (which is 


obtained by subsituting (10) in (8)). That is, if condition (4) is approximately Satisfied, 
we get an even better estimate than (1). 


This estimate is 
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j U (r) [A (NF dr 


Ao = As — <5 





a 7 3 eet lz) 
Jf A(r) U(r) G(r, r') U(r’) A (r') rr’ dr’ dr 


o—8 


For practical purposes we considerably simplify the complicated expression (12) and 
at the same time we get very good results as follows : 


We exploit the fact that ifb = 1, that is, if the condition (4) is approximately 
satisfied then according to (5) A(r) = uw. (r), where wis a constant; Accordingly in 
the integrals in the numerator and denominator of (12) we replace ‘one of the factors’ 


A (r) by » r (If we subsitute in (12) [A (r)]? = u? r?, then we are back with equation 
(5), and recover A). 


This of course is valid only if the condition (4) is approximately satisfied. The 
unknown constants v, are now eliminated and we get 


1 rU(r) A(r) dr 


A (r) U(r) GO (r, r') U(r’) r' dr’ dr 


2 
2 
I 


i 


e-8 


which on using the expressions (1), (2) and (4) can be shown to reduce to (6) : 
No Se As = A/D. ...(6) 


Thus A, is a simple and intermediate estimate for A), intermediate in the sense 
that it is more accurate then A, but less accurate than the clumsy estimate A, given 
in (12). 

In practice, as can be seen from Table I estimate (6) gives very good results 


indeed. 
TABLE I* 
A Comparison of the Minimum Potential Strength Estimates : 


Potential (Exact value) 

Ao b Ag Ay 
a 
Square Well (a) ; ; 
U(r) = —Vir<a 2.46/Va" 1.0125 2.469/Va- 2.5/Va- 

=OQO,r>a (0.37) (1.6) 
Exponential (b) : 
U me a 5.784 a? 1.0889 5.874a? 6.4 a° 
— r» exp (—2ar) (1.5) (10.6) 
Yukawa (c) 

U(r) = 1.68 1.1507 1.738 2.0 
— ~ exp (—ar) (3.4) (19.0) 


* Figures in brackets denote percentage of error. 
(a) Schiff5; (») Ter Haar®; ‘° Schey’ and Schwartz. 
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3. CONCLUSION 
If b = 1, where b has been defined in (4) then 


Ao = A,/b. 
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ON THE PROPAGATION OF WAVES IN A NON-HOMOGENEOUS 
FLUID 


Fawzy SHABAN EL-DEWIK 


Department of Mathematics, Faculty of Science, Ain Shams University 
Cairo, Egypt 


This work deals with the propagation of waves in a non-homogeneous fluid. 
The fluid consists of two horizontal layers of two different fluids, Z = 0 and 
Z=h. Wavesare generated bya uniform normal pressure acting on the 
upper fluid surface (Z = 0). Results are obtained for both compressible and 
incompressible fluids. 


INTRODUCTION 


The problem of propagation of waves ina non-homogenous fluid has been 
studied by several authors'~*. In the present work, the problem of the propagation 
of a wave in a non-homogeneous fluid has been studied when a normal pressure acts 
on the upper boundary of the fluid. This fluid consists of two horizontal layers of 


different densities. 


Basic EQUATION AND SOLUTION 


Let the fluid under consideration occupy the infinite strip Z = 0 and Z = Aon 
the Z axis of cylindrical coordinates. This strip consists of two layers of two fluids, 
The upper fluid has a density P, and its sound speed is «, while the density and sound 
speed of the lower fluid are P» and «, respectively. 

It is well-known that the potential 9 satisfies the following wave equation 





a* or a" 1 Wr be. oe LOT 
oe aoe a8 oT ee ‘ Bret ie Lez: ae) 
‘ 


The boundary conditions are 


atZ =—0,-—ee<r< © 


Cor fie em yr sR) Peli) 


Te edatoad Li, apie CE) 


: ott3) 
J 
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where, R(t) is the coordinate of the front of the propagating pressure, Pp is the 
pressure on the boundary (Z = 0) and m is a constant. 


Using Laplace transform, eqn. (1.1) will take the form 





Oo Oy a & 1 OG Sas ; 
or? 7 az ap are a ia yl BEY 


The boundary conditions corresponding to the equation (1.4) will take the form 
at Z = 0 — c9 < r < © 





Po 
P; 3, = |s+ m (1.5) 
0 


atZ = h — co <17r < oc, 


Pi Gi = Po Ge 


0, _ o% ...(1.6) 
6Z oZ 
The solution of the equation (1.4) may be written as : 
& = R(r) Z (z) 
The general solution of equation of (1.4) will take the form 
io) 
= [ 4: (A) exp (— {A2? + (S?/ai er Z) 
0 
+ B; (A) exp (— {A® + (S?/a* 2 Z) | Jo (A r) da et Lis 


where 


A; (A) and B; (A) are arbitrary functions obtained from the boundary conditions and 
Jo is Bessel’s function of zero order. Using the boundary conditions we get 

co 

A, + B, =P, | 


0 


r Jog (Ar) dr 
S+m 


Pi E exp [—(A?+ (S?/a5 yi h] af B, exp [(A2+(S?/at yy? h| 
= Pp, | 4: exp [— (A? + (S? Ja; yr? h] + By exp [(A2+ S?Ja2 )yt/2 my | 


xt + Sf As exp [24 (S*/a2 )!" A1+ Brexp [0*+(Stfe2 J) n | 


7 

| 

. 

ba 

~ S? : 
= NES a0 S| - 42 exp [—(A?+ S? Jas ))'!? A] 
; 
+ By exp [A? + (S*%a2 )yi2 ny | | 

) 


tie 
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In the case of a, = «, = a, ie. where the velocities of sound in both fluids are 
equal, solving the system of eqn. (1.8), we have 


B, = 0 


a are ees Py Ey’ pews 
* (Py + Pi) [1 + exp [—2h (A2 + (S?]a°*))*/?]] S+m 
pa NPs — Ps) Po exp [—2h (A* + (S*a2)""] (gaa 
1 (P. + Pi) [lL + exp [2h (A? + (S?/a?))'/?] Sim 


co 
7. =e | r Jo (ar) dr. 
0 


Putting the values of A,, B;, A, and B, in the relation (1.7) we get 


i aS" Caos: 
a= | [ exp (— 4) + Fz) +epz-mjete | 
0 


A (P. a P;) Jo (Ar) dx Po 





io) 
FJ, Qt) 5. 




















i S2 | S+m 
(P2 + p.)| 1+ exp ( —2h AES + 2 )] 0 
ra OB) 
and 
°. Ps ore) ane! 32 00 rJ) (Ar) dr (1.10) 
$= P, [exp (— J Sete Z) Jo (ore) | Cr Aa ee 
ry 0 
ee RE 
From the condition Re a 2 + = > 0 then we have 
00 
1 eee ee -> (—1)" exp [ - 2hn (A2 + (S?/a°))"] 
Ss? 
i Naa (4) rues ane we AN) 
and 
l ii ) 
a vele 
Je (Ar) Jo (Aro) = on | Jo (A R) dé 
0 


where 
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R = (r? + rz — 2rry cos 6)!!?. 
Putting (1.11) and (1.12) in the relations (1.9) and (1.10) we get 


% <P: — Pa\"exp (-4[Z + (2n + I) A]S) 
Ras > (eet S +m 


_ 24+ On + Ih dexp (VIZ + Qn + 1A +P S 9) 
VS? +r? S+m 





ay! P S (ffs y odes ALC 1) A) 
Pac Pe P, + P, S+ om 


The corresponding solutions for 9, and 9, will take the form 
0° ~ 
a Pip, \* (- [s- 24 Ge + DA 
es >; te re ) [exp r ene cd oe 
n=0 
t PR ee ate 
eee t— — V([Z+ 2n+1)h a +7 }) ] 
~ VZ+Qn+1) h—rt h—r? p(—m m[ a ( 


co 
2P, Py Sc ( [1-22 Gare De) 
ae Sees Paste Pg fe ee [eit re ae ea 








According to relation 


7) 
Pic Ps = Pore 


we have 


n= > (BSR y (- [s-242Z+ On + Ih 
Po Pi + Pz sly ‘ag eames 


n=0 
t geen eh 
Stijn tee ” PIS 
E+ GDA AHL! = 5 (Z+ (nt +r 
Pes, 2p, P, — p, \" 2 + (an + IVA 7 
Pop, + Py > (iH ) exe (m [1-24 Gxt DAD) 


In the case of incompressible fluid « = co. 
in this case will take the form 








The corresponding solution for P, and P, 


i] 


p= 
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co 
5 eae ~ (& — Pe yp ~ t ] 
Po Pi + Pe V[Z + (n+ IAP + 7° 


n=0 


(ora) 
Ps = J 2Pi emt > (f tec P, i} 
Po P, + P. P, + p,/° 


n=90 
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PROPAGATION CHARACTERISTICS IN DISTENSIBLE TUBES CONTAINING 
A DUSTY VISCOUS FLUID 
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Here the propagation characteristics of a dusty viscous fluid, regarded as an- 
alogus to blood in arteries, ina distensible tube are studied. The equation 
of motion of the vessel wall takes into account the pulsatible nature of the 
wall. Results are analysed for the resistance and the reactance of the fluid 
and wall impedance. The influence of dust particles on these factors is noted 
and observation made in reference to the presence of the high haemoglobin 
contents in blood. 


INTRODUCTION 


Certain investigations have been made on blood flow in the frequency range of 
physiological importance*”’. Kaimal’ investigated the propagation characteristics ofa 
visco-elastic fluid in a distensible tube. The present investigation is concerned with the 
problem of a dusty viscous fluid in distensible vessel. The vessel is modelled as a 
straight thin walled circular distensible tube and is externally constricted so that the 
longitudinal movement may be ignored. The study will be helpful in understanding 
the flow features of blood, especially in the coronary arteries which are subjected to 
varying external pressure within the muscular walls of the heart, by visualizing blood as 
a dusty viscous fluid exhibiting characteristics of a visco-elastic fluid as shown by 
Chadda' who compared his result with those of Tandon‘. 


MATHEMATICAL FORMULATION 


The equations governing the flow of dusty viscous-fluid flow ina distensible tube 
in cylindrical polar coordinates (r, z) with axial symmetry, following Saffman are - 


Ou; | Uy ous 

get a eee (1) 

ov, Vo Ove 

Oe tie ts geleee ...(2) 

cu, du, 1 ap by 1a ses 

a hy + ee ee 1 2Uy Oru 
kN 





pe ...(3) 
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— i + al ) +t x (v2 — U2) ...(4) 
m \-eF + uy a +, am = k(u, — 1) ie) 

and 
m {a+ ue + Vo aa = k (u. — v.) ...(6) 


where (u,, v,) and (us, v.) are respectively, the velocities of the fluid and dust particles, 
pis fluid pressure P the density of the fluid, mthe mass of a dust particle, k the 
Stokes’ resistance coefficient, N the number density of dust particles, assumed to be 
constant, and v the kinematic coefficient of viscosity. 


Ignoring the longitudinal components, the motion of the thin walled tube, un- 


der the initial conditions — (0) = &, E (0) = & is described by Knowles® as 


ad?é \« (pi 2 po) } we res 
os ot Ie ce mer aa Reo = == () B 
ae * Ue re a (7) 
where 
Kr* 
2 +8 Pua 
| Ue Ta Ti, K = a > Om = P= , t= ae, 
x P im F oo 


a, ® are material constants and Pm is density of the material, r, is the internal radius 
of the tube and quantities with bars denote corresponding non-dimensional quantities. 
For the quantity (fi — fz), being the difference between pressure on two sides of the 
tube wall, we assume that 


hah Ay @d ...(8) 
3U Gm 
— * — e a 
where  (w f) is a periodic function, | ¥(@ 1) | <1 andz = —. The homogeneous 


part of eqn. (7), using eqn. (8) is 
at 
dt? 


which is a generalized Hills equation. 


4+ {K—Adv(od) ...(9) 


SOLUTION OF THE PROBLEM 


The independent solutions of equation (9) are 


E, (t) = C, cos (Rie | $ (1) dt) ...(10) 
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and 
fz t es aes 
é, (t) = C, sin (KP J $(t) dt) Es ih, 
where : 
ES — ) 
$ (t) =o — (206 — 30%) /8 Ko? | 
oe =1—ab(wt),a= AK ’ | - 
C, = & 2 (0)'? | -. (12) 
and : 
c= Roe fe, oO + 4h 00" 40). | 
It may be noticed that 
E, (0) = 5, E, (0) = & 
E2(0) = Eo, & (0) # 0. .-.(13) 
Therefore, the solution of the non linear equation (7) using initial conditions is 
Ee nr 
(At g* + ot) + (Ato? —0*) cos (2 KF $ (1) di) 
e(t= — V2 fo 6 (0) gal Pee TAS 


This solution is stable and real only if% < 1 anda signifies the influence of fluid on 
the motion of wall of the tube. 


As a more specific case, let J ( 1) = sinw 7, & = 1, & #0 so that 


0) IC (15) 


If we assume that such a dusty viscous fluid may be regarded as an approximation to 
blood, then in most physiological situations o*] K and higher powers may be neglected. 


Therefore function ¢ (t) can be approximately taken as o (Z), consequent to which eqn. 
(14) with eqn. (15) reduces to 


_ = (1 — & sino 7)-1/4 (16) 


E(t) = 





which suggests that the general solution of the radial component of oscillatory motion 
of the tube may be given by 


8 (t) = {1 — texpi(ar)}y, ...(17) 
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Here the motion of the wall is determined by the pressure difference between the two 


sides of the wa!l. Equation (17), when modified to include an exponentially decaying 
factor in the axial direction, takes the form 


E(z, 1) = {1 — aexp i(@t) 4 — atk ...(18) 


where k, is the dimensionless wave number. To solve highly nonlinear equations (3)- 


(6), equations are linearized by introducing long wave-length approximations and are 
transformed by 


introducing non-dimensional quantities : 














ice HES ope fle! La i ae ee = 4 ¥.8 BRE? Par ee tek 
v = v Vv v 2 
ry 
pr: wor. 
my 7 mN ; r z= Zz p= : a dee- ; 
ates ’ a Sl a ea, eal ee ear =e . 
kr: p ry ry; v 
Hence, eqns. (3) — (6) are reduced to 
Pipe epee ott Chi I yn (9 
De + Gz z= + 7 er + - (0, ii,) ( ) 
or, 
Lie ip PE Lie IEE year 5) ...(20) 
Saer ere ior 7 OF oe 
00 ea “ 
Paz an 
and 
eo 1 ga) B(22) 
Ct 


where f is mass concentration of the dust particles and + is the relaxation time, with 
boundary canditions : 


i= 0, a = & (t)at7 = 1. REN 


Using the boundary conditions, the velocity components of the fluid and the dust par- 


ticles are given by 
uj 
i, = SS Ta ee Se ere 


| — “% exp i(o t) ...(24) 


1+ o+ 
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ile 


i — 


irae 514% wa expi (wf) 
1 — gexpi (of) vast 25) 


: _nJp(n) Jo (3 7) 


an Po { 
+ (8 — ni?) Jo (8) 


wf aay AO AOD. — lB 10] 


exp i(@ t)—kyz ...(27) 
32 =| u tiw 
Tv she as a vs 
riers Mimi Band ACS, 6 
4(1 - Gexpi(o f)) 


—nJ, (nr) } exp / (@ t — kez) 
...(26) 





where 











Y: 5ti wa exp i (@ f) } 
4f(1 — @expi (wf) 


: p= po J (nF) expi (ot — ko2) 
an 


[ LR = Rn ee ee he ee SN SE OT 


--.(28) 


Following Womersley®, the components of velocity of the fluid u;, 1, and those of the 
dust particles v;, v., for n? < 32 are given by 


Ree ec {7260 _ %s as } exp (ot — Kez) (29) 


mee [ {4 + fa 














oF 
m fA? - nao | 





expi (w f — ky 2) : ...(30) 
em uy 
1 = Leite .-.(31) 
1+ tio + 5/4 ti we exp i (w fr) ; 
7 tly 
“= ; carte ead 





1 + tiw + 5/4 Ga expi(an 
The rate of flow Q in the lumen is given by 


(taking Jo (mn) = 1, J, (n) = n]2) 


Oe Be exper — Kya | EY _y} ...(33) 
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The average pressure over the cross section of the tube is given by 
p(z,th= *Pe_ 4, (n) expi (wt — ky 2). ...(34) 


The longitudinal impedance Z is given by 
a 2 


yA ee 
7 2J, (8 : 
{1 = aS } (approximately). _—_.--(35) 


The limiting value of Z for small value of 5 is given by 


re ee {2 = 8 | 36) 


7 


Here in the limiting case, fluid resistance R, and fluid reactance (wL),, are given by 


Res 2/f{—s nes x seraabeLb Se (210 cos © f 
7™L* 1 + 2? 4 (1 + 3%)? 


t 





— sinwtt+ 2osinw t+ S08 sin ot} —4 | 
wA3t) 


and 


(wo L), = 2, 4f iT Bb aee ole ae ees ae eer 
‘ Ife2ar 4(1+7? 0%) 








cd ef 5t @ % See 
4+. 2c sin ot + rin 4f Osi tet a ...(38) 


The polar form of Z, (for small values of 5) is also given by 





a . ‘ 
ee eee 
* TT 14+? eat t 1 + t? w? 
= 22 4 
ele we 1( M ¥ + a ) 
2 1+7°o? 


. (22 cos@t — (1 — s%o*) sin ot 
qa + at w?)? 
f (1+ 770?) 


(equation continued on p. 912) 
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( (l=) cost + 2ru sin wf 4 Cos he 








x 
a+ we2)? i, 
»».(39) 
and 
| Ff 4g + Aci (cos o tf — 12m? cos w t 
v +t a2 4(1 + +02)? 
+ 2rw sinew tf) + A + es cos @ oth) 
Us ma = = 
[+{—— + STO ae (ara cog ee 
1B Sprict ere 4 (1+r%a%)? 
+22 sin ot) — ste sino 7} + 4 | ...(40) 


DISCUSSION 


Noting that parameter t is a measure of the time for the dust particles to adjust 
to changes in the fluid velocity, it is called relaxation time and is proportional to the 
size of the indiviaual particles. Also /f signifies the amount of dust particles present. 
From the results obtained above we can discuss the influence of dust particles on wave 
propagation characteristics and on the pressure flow relationship in the tube. As the 
tube wall is subjected to external pressure the results can be applied to study the flow 





——-- Wf=N/2 





Fic. 1. Magnitude |Z; | of the wall Fic. 2. The impedance angle /, 


Impedance Against a, against o, 
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T=0 55 f= 0-2 





@ 











Fic. 3. The fluid Resistance R; Against O. Fic. 4. The fluid Reactance (mL), against Q. 


in the coronary arteries where much of their length is imbedded in the muscular walls 
of the heart and are subjected to varying external pressure. Equation (35) gives the 
longitudinal impedance due to the flow and equation (36) gives the impedance for 
small values of 6. The behaviour of transverse wall impedance is plotted in Figs. | 


and 2 against various values of © when the value of @ is taken to be 0.1 in all cases. 
These graphs dipict the effects of wall oscillation and presence of dust particles in fluid 
resistance and reactance respectively. It is seen that effects of dust particles and wall 


pulsation are more significant for higher value of w. 


Figure | shows that the increase in the value of f from 0.2 to 0.4 causcs decrease 
in the impedance. This has the effect of bringing the frequency of oscillation of tube 
closer to its natural frequency, while Fig. 3 depicts increase in resistance with the in- 
crease in the value of f. Since increase in f is due to the increase in the concentration 
of the dust particles. We see that if there is increase in the cell contents of blood in 


arteries it will cause increase in the resistance. 
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The propagation of disturbance in a non-homogeneous elastic medium due 
to a twisting impulsive force acting on the surface of a spherical cavity 
has been discussed. The shear modulus of the material has been assumed 
to be propotional to an arbitrary, not necessarily integral, power of the 
radial distance from the centre of the cavity, while no restriction has 
been placed upon the continuous radial variation of Young’s madulus. Ina 
particular case the propagation of disturbance and stresses have been shown 
graphically at different positions and at different times. The disturbance and 
stresses in the associated homogeneous medium has been shown in details. 


1. INTRODUCTION 


The propagation of shock waves in an isotropic homogeneous elastic plate of in- 
finite extent and arbitrary thickness under an impulsive twist applied on the boundary 
of the transverse cylindrical hole was discussed by Goodier and Jahsman'. Sternberg 
and Chakravorty? extended that discussion for an elastic medium of non-homogeneous 
elastic moduli. Dutta® obtained the solution of the problem in which the disturbance is 
generated in a non-homogencous isotropic medium due to a twisting impulsive force 
applied on the surface of a spherical cavity. In his paper Dutta® assumed such non- 
homogeneity of the medium that the governing differential equation could easily be 
solved. In the present paper we consider the same problem but with different and more 
general type of non-homogeneity arising out of the variation of shear modulus with the 
radial distance having an arbitrary exponent. If . denotes the shear modulus of the 


material, we assume 


Pea (0) at oy 


in which jo is the value of » on the surface of the cavity, a being its radius. 


In dealing with their problem in homogeneous medium, Goodier and Jahsman’ 
made use of the operational scheme originated by Kromm* in connection with an allied 
problem. In the present paper, if « = 2, Kromm’s procedure has been extended to 
the present generalised problem. We are thus led to the solutions of integral equations 


for the determination of displacement and stresses. 
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For the exceptional case « = 2, we deduce an exact explicit solution in integral 
forms. 

Finally we find that there exists an infinite sequence of «-values which give rise to 
exact solutions in closed form and in terms of elementary functions. One member of 
this sequence, which corresponds to « = — 4/3 is determined explicitly and discussed 
numerically. To illustrate the effect of non-homogeneity the case « = 0 (homogeneous 
shear modulus) has been exhibited with figures. 


It should be emphasized that the admission of a power law for the density-analo- 
gous to that stipulated for », but involving an exponent which may be different from 
«, introduces no essential complication. 


2. FORMULATION OF THE PROBLEM 


Since the problem under study is characterised by a displacement due to a twi- 
sting impulsive pressure, we choose the components of displacement w;, ve, vg in 
spherical polar coordinates (r, 6, ¢) as 


uy = ue = O and ug = u(r, £) OR FA 
where f¢ denotes time. 


The only non-vanishing stress component is given by 





re= Si, Q=u (Se 4). 3) 


Two of the equations of motion are identically satisfied and the third reduces to 


as 3S C2 u 
Or .% ries Y: a t ...(4) 








in which y designates the constant mass density. 


Assuming the shear modulus » to be an arbitrary function of r, differentiable in 
ar < oo, (4) in view of (3) becomes 





Oru Op 2p Ou FoR 2p Ou 
Yo ( art 57 (past t pum y Hh is 
a ey) 
The relevant initial conditions are 
Ou 
u(r, 0) = 0, pales = 0 (a <r < co) ...(6) 
while the boundary condition is 
S (a, t) = — Sy d(t)(— 0 <1 < co) (7) 


in which 3 (t) is Dirac’s delta function as defined by 
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8 (t) is very large in a vanishingly small region to the right of f = 0 and is zero 
elsewhere : 


co 
§ s@at= k ...(8) 
—0o 
Since the tractions at infinite distance are to vanish, we adjoin the regularity 
condition. 
S(r, t) > 0 asr — o9. ..(9) 
We now define the dimensionless radial coordinate and time by means of the 
relations 


= ——— ...(10) 


where 
co = (uo/y)'/?, Ho = pat (a) 


whence ¢, is the velocity of the shear waves in a homogeneous medium whose shear 
modulus coincides with the local value of » at the boundary of the cavity. Next we 
define a dimensionless shear modulus, displacement and stress through 


-— Lg U ro Ss 
oi ll a eh oa Dc 








eae SA Sye.: i. iit 
Equations (3) and (5) with the aid of (10) and (11) become 
= = Ou u 
< ya eieg me sat Le) 
ees Gar p ] ( 
#H (74° H\ (1 ef) ee ay 
op? ( 1 dp p op p2 a On rn OI 


The partial differential equation (13) is analytically tractable if 








p = Pp eae (14) 
p= Pp", (« = 0 ) ; 
We shall assume (14) and consequently replace (12) and (13) with 
S . ee se (15) 
eran [ ap 5] 
ae bok -<)= tee (16) 
op? cA (2 + 2) ( p p p* p* a +2 


The conditions (6), (7) and (9) by virtue of (10) and (11) may be written as 


| eu + = matty) 
2,0 =%[ 52 |, 7 ose <>) 
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S (1, t) = — S(t), (—ee < t < 9) ...(18) 
S(P, t) > Oas P > o. ...(19) 


Thus we need to determine the solution of (16) which conforms to (17) and is 
such that the stress (15) meets (18) and (19). 


3, GENERAL SOLUTION 
Let the Laplace transform of f (P, +) with respect to t be F (P, p) such that 


F(P, p)=LUf (PD) = Sew sip, ads ...(20) 


in which p is the transform parameter. 
In particular let 
U (P, p) = L[u(P, =) 
S(p, p) = L[S (e, +). (21) 


Applying Laplace transform to (15), (16), (18) and (19) and taking into account 
the initial condition (17) we get the field equations 





dU U 
Craa BS Wee ao ee ee pe pe: 
; | dp p ] oF 
d*>U 20ie a, Ue TD ine ap 
dp? oe p aie | p2 ss =| U=0 a ps 


together with the boundary condition 
S(l,p)=—1 »00(24) 


and the regularity condition 
S (P, p) > 0 as P > 0, s2(23) 


If « + 2, (23) is reducible toa modified Bessel equation and has the general 
solution® 


B B 
U (P, p) = A,p-@*D/27, ( a) + Asp-OHDI2y K, ( ca) ...(26) 


where /, and K, are the modified Besse] functions of the first and second kind of order 
n, while 


Beets) ih a pee ee 


,) ieee ea) 


The coefficients A, and A, appearing in 
determined consistent with (24) and (25) 





(26) are arbitrary functions of Pp and are to be 
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On the other hand for « = 2, (8=0) (23) is an equation of the Euler type, whose 
complete Solution is given by 


U = 8, P™, + B, Pe 
(mi, Mm) = 4 (—3 £ V 4p? + 25). ...(28) 


a The character of the solution (26) depends on whether « < 20r« > 2. Thus we 
distinguish and deal separately with following three cases : 


Case 1 © Soo <0 <2, (0'< P< oo, — 1 <n < ©); 
Case II: « = 2, (8 = 9); 


Paes) <4 100) (— co <p <0, — bin Bt =!) 


4. SOLUTION FOR Cass I 


In this case 8 > O and the argument of the Bessel function is positive for p > 9 
and tends to infinity as P > °°. 


Applying conditions (24) and (25) we get from (26) and (22) with the help of the 


recurrence relations appropriate to Beseel functions® 


B 
U(P,p) = K,( pr) [ppt !? Kiss (p/B)I* (29) 


B 
apap arora Pr) [P12 Kays (pI9)I7- (30) 


As the inverse Laplace transform of the right hand side of (29) and (30) cannot be 
obtained from, the table of transforms, we extend Kromm’s scheme for the solution in 
the following manner. 


Schlafii’s representation of K, (z) is’, 





Oye Gee [. ze (x2 — J)"-U dx. GB) 
I'(n + 4) ; 
B . 
Putting z = P + and changing the variable of integration to 
Sa teat. 
oe oat 


(31) becomes 
99-1 (2n — 1) T(n — 4) B"” per ie p p® 
i 
72 orn oo K, (75) 


mene ere ty Per 32) 
0 
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where h (t) is the Heaviside step function, defined by 


h(t) = 1 fort > 0, A(t) = 0 fort < 0 


and 
Pay adores ..(33) 
y ) © 
Similarly putting z = p/8 and changing the variable of integration to 
x—1 
esr 
we get 
Qn-1 r (n = 3) Be—* 1B 
= NG) pce ee K,-1 (P/8) 
“ : 
= j eP®[((BE + 1)? — 1]"-3/ dé. .. (34) 
0 


Now taking recourse to recurrence relations of modified Bessel function we rewrite as® 








p=+1/2 U(p, p) || 2"-} (2n Poe? ewe op |B K, (p8) } 
2n 2°-1 T’ (n — 4) B"-? 
SP rane , + TST @) pea K,- (vie) | 


wx | es Gr ee) Eft 9) Be nae PPT 
[ rar Saute ( “p. )| Bp®" (2n — 1) 


By the convolution theorem! we get from (32), (34) and (35) an integral equation 


ju (P,8) Ke — 8) dé (35) 
h = 
= Be + 1 = pepe ...(36) 
where 
K (E) = (88 + 1)* — 1) "8, [2n GE 4 1)? — 1]. rey 


To find the stress we rewrite (30) as 


Znti 1 + a n-2 
S (P, p) oa e/® Ki, p/p ] 
Qnt1 T(n +8) Br-1 pBa+B B 
Lo Gre DT Gp Kees (AE )] 69 


Replacing nbyn + 1 in (31), changing the variable of integration to — and in- 
tegrating by parts we get 


= Ul Po 
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n+) 3) Qn-2 pBat+B 
2 DED EH gg, ( DE) 


Qn + TQ p= B 
= Pre eres P.O ak 39) 
where 
b (P, £) = [(BE + 1)? — prI-2?, [2n (GE + 1)? — p°*], (40) 


By the convolution theorem we get an integral equation of S (P, t) given by 


S (p, z) K(« — &) dé = — ph (x — 0) $(P, +) (41) 


oa 


where k (£) and ¢ (P, &) are given by (37) and (40) respectively. 


Equations (36) and (41) complete the solution of the problem. The solution of 
(36) and (41), in analytical forms, become feasible only for an exceptional sequence of 
a-values which will be given later on. For arbitrary «(— eo <4 < 2) the values of 
ii (P, t) and S (P, +) may be found by Kromm’s method. Thus each integral equation is 
replaced with an (approximately) equivalent finite system of linear algebraic equations, 
obtained hy regarding the unknown function as piece-wise constant over the range of 
integration. The integrals (36) and (41) are thereby reduced to integration of k (8), 
called the kernel function, given by (37). Furthermore the integral of k (&) is found to 
be elementary. 


5. SoLUTION FOR Case II 
In the present case « =2 and 8 =0. The general solution of the transformed 
displacement equation of motion is now given by (28) which on invoking (22), (24) and 
(25) yields 


2 exp [— 4 A (4p? + 25) is 
a : 
U(P, pyr p32 [5+ (4p? + 25)1/?] ( ) 
where 
A = log P. su (43) 
Finally the inversion formula of Laplace transforms gives, Erdelyi” 
1 : ver ae 5 
ai (p,t) = sp (fC) — FL FV y?) J, 8 y) 4) (44) 
where 
...(45) 


f() = h(t - A) e-B(t- ADI? 


and A is given by (43). 
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Also 
S(P,p) = — >a! exp (A v ptt 48) ...(46) 
vp 
Hence by Carslaw and Jaeger’® and Erdelyi*® we get by inversion 
5 (P, 5) = — paw [8 Ce — 9) — B80 A) As Ey) dy.) 


where A is given by (43) 


This completes the solution of Case II. 


6. SOLUTION FOR Cass III 


In this case, « > 2and 8 < 0. Consequently the argument pp®/8 of the modi- 
fied Bessel functions /, and KX, in (26) are negative for p > 0, so that neither function 
is real valued in the present case. Furthermore, in contrast to Case I, the argument 
now tends to zero as P - co, Since J, (z) and K, (z) have linearly independent singul- 
arities atz = 0, the general solution (26) cannot be adopted to the regularity require- 
ment (25) in case III. Hence the stress no longer tends to zero at all times as P > o0. 
Therefore we are compelled to abandon the regularity condition. This leaves us with 
a single boundary condition (24) which is sufficient to determine uniquely the values of 
both A, (p) and A» (p) in (26). One finds however that unless A; = 0 (26) fails to 
give rise to a diverging wave in the physical domain. On these grounds the functions 
of the first kind are inadmissible in (26). 


Setting 4: = 0 and proceeding as in Case I we are led formally once again to 
the integral equation (36) and (41) giving displacement and stresses. 


7. A CLAss OF ELEMENTARY SOLUTIONS IN CLOSED ForM 
Let «  Z (Case I and Case III) so that (29) represents the Laplace transform 
of the displacement. Moreover we recall that when n is half an odd integer, that is, 
n=k+4,(kK=0,+142,..5..) . ...(48) 


the modified Bessel function of the second kind degenerates into elementary functions, 
Watson®, as 


a k 
} echt (kK + m)! . 
Kk4i/2 (Z) = | ype > a te (k >0) -+.(49) 
m="0 
K ,(z) = K, (z), n arbitrary. ...(50) 


Thus if 1 in (29) obeys (49), the determination of a (P. +) from U (P, p) reduces to the 
determinatton of the inverse of the rational function and may be carried out in closed, 
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form in terms of elementary functions. Consequently S (p, +) which follows from 
a (P, t) admits similar representation. 


In view of (48) and (27) the infinite aggregate of elementary closed solutions here 
referred to, corresponds to the sequence of «, 


_ 4(k—1) a y 
c= a Oke ’ (k = 0, == i + Zz eeey meh PALou 


For convenience we give the following table which displays the initial members of the 
sequence (51). 

k 0 l —1 2 —2 3 —3 4 —4 

o — 4/3 0 —§ 4/7 12 8/9 16/3 12/11 4 


8. AN EXAMPLE 


We now present explicitly the closed form solutions appropriate to« = — 4/3 
in Figs. 1 — 3, which belong to the case I Since the underlying computations are ele- 
mentary we give below the final results without intermediate details. Solution for 
a= — 4)/3: 

i (P, *) = h(x — ©) p-2/8 e-5/%e- 8) 


S(p, x) = — prt 3 (x — 0) + ¥ (pH — PA) h(x — eH 


1:05 


17~*«E 


*35 





10 2:0 a 


tcqr 


= —4, Di > at various positions. 
Fic. 1. * = —%: Displacemennt zu 
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0 2°0 40 60 80 
— 
Fic. 2. « =—4. Stress at various positions. 
‘l 


T=12 






0 ‘ 
0 0 20 30 40 5:0 °®60 
P—~ 

Fic. 3. «= —4, Stress at various times. 


where 
¢ = § (p5/3 — }), 


The corresponding results for the homogeneous case (« = 0) are given below 
from which the figures are exhibited in Figs. 4 and 5. 
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Fic. 4. « = 0. Stress at various position. 


S(e,7) =— » 8G ™) 
a 3M 4-s/ar-m) h (+ — m) [cos is (« — m) 


" 
+ A asin f 3 @ - mf] 


2—P 





where 
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Fic. 5. « = 0. Stress at various time. 
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CORRECTIONS TO “THE NEIGHBOURHOOD NUMBER OF A GRAPH” 
[INDIAN J. PURE AND APPLIED MATH., 16 (1985), 126-132] BY 
E. SAMPATHKUMAR AND PRABHA S. NEERALAGI 


P. P. KALE AND N. V. DESHPANDE 


U. T. D. of Mathematics, Vigyan Bhawan, Khandwa Road, Indore 452001 
(Received 14 July 1987; after revision 27 July 1988) 


We have noted and corrected some flaws in Sampathkumar and Neeralagi’s”.* 
papers. 


In this paper we consider only finite undirected graphs without loops and 
multiple lines. We follow the notation and terminology of Harary’. 


For a graph G = G(V, E), wewrite N(u) = VEViwe E} and N [u] = {u} 
U N(u). Aset X¥ C V is called a neighbourhood set ifG = U <N [u]> where 


ucXx 
<N [u]> is the graph induced by N [u]. AsetT C Eis called a line neighbourhood 


set of GifG = WU <N[x]> where for x = wy, N(x] = N(u) U N(v). Aset 
xET , 
i t= vine) 7 called a point cover (Line cover) for Gif it covers all the lines 


(points) of G. Aset DC Vis called a point dominating set of G ifevery vE V 
— Dis adjacent toa pointin D. A set T C Eiscalled a line dominating set of G if 
every x € E — Tis adjacent toa line in T. Aset X C V is independent if no two 
points in X are adjacent. The minimum cardinalities of a neighbourhood set, a line 
neighbourhood set, a point covering set, a line covering set, a point dominating set 
and a line dominating set are called the neighbourhood number (G), the line neigh- 


bourhood number”, (G), the point covering number «, (G), the line covering number “1 


(G), the point dominating number 7 (G) and the line dominatingn umber y’ (G) respecti- 
vely. The maximum cardinality of an independent set of points is known as the point in- 
dependence number 8, (G). We shall denote the maximum degree of a vertex in G by A, 
the greatest integer < p/2 by Up/2- and the smallest integer > p/2 by rp/27. 


Sampathkumar and Neeralagi? have stated that (G) <a, (G). This result is 
not correct as can be seen by considering the Petersen graph for with ™ = 6 and 
a, = 5. We give an upper bound for mo using «, as follows. 


Proposition—For a (7, q) graph G, 
seal 
Ng < G1 a k ( ) 


where 
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k = min (Lp/2. — 4, L_p/2_1 — Bo). 
Proor: From the relation? my < a, since o%» + @ = pand «, > -p/2- it 
follows that 


Ng < % + Up/2 — Bo. PACS, 
Similarly, since? ny & p — A, we get 
n&oa,+cp/2j)—A me Gi} 


the result follows from (2) and (3). 


Note that k may be negative. It may also be mentioned that n, > «. if Gis 
without triangles and «) > a;. This is a simple consequence of the fact that my) = a 
for a graph without triangles’. 


As the relation m) < «, does not hold, the relation (9) and Corollary 7.1 of 
Sampathkumar and Neeralagi® need corrections. The correct form of (9), in view (1), 
is 


y/2 << nm) <a < min (x, a, + ). (4) 


Corollary 7.1 should read as follows : 
Corollary—For a connected (p, q) graph G, 
Y Srq/2n. -+-(5) 


Proor : As* y’ < p/2 and is an integer, y’ < Lp/2). Ifq > p the result is 
obvious. If g < p we must have g = p — 1 asGis connected. Hence Ye pl) 
= [q@]2.7 


Sampathkumar and Neeralagi® make the statement that there is no relation 
between y’ and m, probably inthe sense that no relation of the form Y > mor 
y’ S no is true in general. However the following proposition relates m) and y’. 


Proposition—For any graph G, 
Mm <2 ny €2y’. ...(6) 


Proor : Let T = {x1, X2,...,X7} be a minimum line neighbourhood set of G and 


x=uvwrlci<cr. LtH= iS) {ui, vs}. Then clearly His a neighbourhood 


setof G. Hence m &|H|<2|T| <2 n,. Since® n‘ <& ¥’ the result follows. 
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